SOGANG-HEP 284/01 



Static properties of chiral models 
with SU(3) group structure 

Soon-Tae Hong^'^ and Young- Jai Park^ 

^Department of Physics, Sogang University, Seoul 100-611, Korea 
^W.K. Kellogg Radiation Laboratory, California Institute of Technology, 

Pasadena, CA 91125, USA 

February 1, 2008 

We investigate the strangeness in the framework of chiral mod- 
els, such as the Skyrmion, MIT bag, chiral bag and superqualiton 
models, with SU(3) flavor group structure. We review the recent 
progresses in both the theoretical paradigm and experimental ver- 
ification for strange hadron physics, and in particular the SAM- 
PLE experiment results on the proton strange form factor. We 
study the color flavor locking phase in the color superconducting 
quark matter at high density, which might exist in the core of 
neutron stars, in the soliton-like superqualiton description. We 
explain the difficulties encountered in the application of the stan- 
dard Dirac quantization to the Skyrmion and superqualiton mod- 
els and treat the geometrical constraints of these soliton models 
properly to yield the relevant mass spectrum including the Weyl 
ordering corrections and the ERST symmetry structures. 
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1 Introduction 



Nowadays there has been significant discussion concerning the possibihty of 
sizable strange quark matrix elements in the nucleon. Especially the mea- 
surement of the spin structure function of the proton given by the European 
Muon Collaboration (EMC) experiments on deep inelastic muon scattering 
[|5] has suggested a lingering question touched on by physicists that the effect 
of strange quarks on nucleon structure is not small. The EMC result has 
been interpreted as the possibility of a strange quark sea strongly polarized 
opposite to the proton spin. Similarly such interpretation of the strangeness 
has been brought to other analyzes of low energy elastic neutrino-proton 
scattering 0. 

Quite recently, the SAMPLE Collaboration Q reported the experimen- 
tal data of the proton strange form factor through parity violating electron 
scattering 0]. To be more precise, they measured the neutral weak form 
factors at a small momentum transfer Q| = 0.1 (GeV/c)^ to yield the proton 
strange magnetic form factor P, Q 

GljiQl) = +0.14 ± 0.29 (stat) ± 0.31 (sys). 

This result is contrary to the negative values of the proton strange form 
factor which result from most of the model calculations p, ^, |1^, |Tl], |12], |1^, P 



13, [T|, III, ig, gT|, H except those of Hong, Park and Min p3|, ||, |5 

I, n, ioi in, p 



based on the SU(3) chiral bag model (CBM) 



27 



m 



3c 



il|, 021 and the recent predictions of the 



chiral quark soliton model and the heavy baryon chiral perturbation 
theory [^, Recently the anapole moment effects associated with the 
parity violating electron scattering have been intensively studied to yield the 
more theoretical predictions [|^, (For details see Ref. pO| .) 

In fact, if the strange quark content in the nucleon is substantial then 
kaon condensation can be induced at a matter density lower than that of 



chiral phase transition [^T], ^ affecting the scenarios for relativistic heavy- 
ion reactions , neutron star cooling [Q, ^7\, ^ |^, Q 
and so on. 

On the other hand, it is well known that baryons can be obtained from 
topological solutions, known as SU(2) Skyrmions, since the homotopy group 
Il3{SU{2)) = Z admits fermions 0, ^ |6^, Using the collective co- 



ordinates of the isospin rotation of the Skyrmion, Witten and co-workers |p3 
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have performed semiclassical quantization having the static properties of 
baryons within 30% of the corresponding experimental data. 

Phenomenologically, the MIT bag model firstly incorporated con- 

finement and asymptotic freedom of QCD. However, this model lacks chiral 
symmetry so that it cannot be directly applied to the nuclear interaction 
description. Moreover, in order for the bag to be stable, a bag size should be 
approximately 1 fm, which is simply too big to naively exploit the MIT bag 
model in describing nuclear systems. To overcome these difficulties. Brown 
and Rho proposed a " httle bag" ||2^, ^ where they implemented the spon- 
taneously broken chiral symmetry and brought in Goldstine pion cloud to 
yield the pressure enough to squeeze the bag to a smaller size so that the 
bag can accommodate the nuclear physics of meson exchange interactions. 
Here how to squeeze the bag without violating the uncertainty principle will 
be discussed later in accordance with the Cheshire cat principle |]7^. On the 
other hand, the pion cloud was introduced outside the MIT bag to yield a 
" chiral bag" by imposing chiral invariant boundary conditions associated 
with the chiral invariance and confinement. 

As shown in the next chapter, based on an analogy to the monopole- 



isomultiplet system [|72|, the baryon number was firstly noticed |73| to be 



fractionalized into the quark and pion phase contributions, and later estab- 
lished |]31| for the special case of the "magic angle" of the pionic hedgehog 
field and then generalized for arbitrary chiral angle |7^. Here one notes that, 
in the " cloud bag" model ||75l , the hedgehog component of the pion field was 
ignored so that the baryon number could be lodged entirely inside the bag. 

The CBM, which is a hybrid of two different models: the MIT bag model 
at infinite bag radius on one hand and the SU(3) Skyrmion model at vanishing 
radius on the other hand, has enjoyed considerable success in predictions of 
the baryon static properties such as the EMC experiments and the magnetic 
moments of baryon octet and decuplet, as well as the strange form factors of 
baryons ||23|] to confirm the SAMPLE Collaboration experiments. After the 
discovery of the Cheshire cat principle |7^, the CBM has been also regarded 
as a candidate which unifies the MIT bag and Skyrmion models and gives 
model independent relations insensitive to the bag radius. 

On the other hand. Brown and co-workers |28] calculated the pion cloud 
contributions to the baryon magnetic moments by using the SU(2) CBM 
as an effective nonrelativistic quark model (NRQM). The Coleman- Glashow 
sum rules of the magnetic moments of the baryon octet were investigated 
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in the SU(3) CBM so that the bag was proposed as an effective NRQM 
with meson cloud inside and outside the bag surface The possibihty of 
unification of the NRQM and Skyrmion and MIT bag models through the 
chiral bag, was proposed again for the baryon decuplet p8 
baryon octet |^ . 

In the Skyrmion model 



as well as the 



76 



many properties of baryon containing 
light u- and d-quarks have suggested that they can be described in terms of 
solitons. Provided the Wess-Zumino term is included in the nonlinear 
sigma model Lagrangian, the solitons have the correct quantum numbers to 
be QCD baryons ]78| with many predictions of their static properties . 
Moreover the Nc counting suggests that the baryons with a single heavy 
quark {nig ^ ^qcd) can be described as solitons as baryon containing only 
light quarks. 

Meanwhile, there has been considerable progress in understanding the 
properties of baryons containing a single heavy quarks |7^, |8y]. Callan 
and Klebanov (CK) ||7^ suggested an interpretation of baryons containing 
heavy quarks as bound states of solitons of the pion chiral Lagrangian with 
mesons containing heavy quark. In their formalism, the fluctuations in the 
strangeness direction are treated differently from those in the isospin direc- 
tions |7^, |8^ . Jenkins and Manohar |8l| recently reconsidered the model in 



terms of the heavy quark symmetry to conclude that a doublet of mesons con- 
taining the heavy quark can take place in the bound state if both the soliton 
and meson are taken as infinitely heavy. On the other hand, in the scheme 
of the SU(3) cranking, Yabu and Ando [^] proposed the exact diagonaliza- 
tion of the symmetry breaking terms by introducing the higher irreducible 
representation (IR) mixing in the baryon wave function, which was later in- 
terpreted in terms of the multiquark structure [^, |8^ in the baryon wave 
function. 

On the other hand, the Dirac method [35| is a well known formalism to 
quantize physical systems with constraints. The string theory is known to 
be restricted to obey the Virasoro conditions, and thus it is quantized p6 
by the Dirac method. The Dirac quantization scheme has been also ap- 

p8[ . In this method, the Poisson 



plied to the nuclear phenomenology 
brackets in a second-class constraint system are converted into Dirac brack- 
ets to attain self-consistency. The Dirac brackets, however, are generically 
field- dependent, nonlocal and contain problems related to ordering of field 
operators. These features are unfavorable for finding canonically conjugate 
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pairs. However, if a first-class constraint system can be constructed, one can 
avoid introducing the Dirac brackets and can instead use Poisson brackets to 
arrive at the corresponding quantum commutators. 

To overcome the above problems, Batalin, Fradkin, and Tyutin (BFT) 
developed a method which converts the second-class constraints into first- 
class ones by introducing auxiliary fields. Recently, this BFT formalism has 
been applied to several models of current interest ^ especially 



to the Skyrmion to obtain the modified mass spectrum of the baryons by 



including the Weyl ordering correction [^4 



97 



Furthermore, due to asymptotic freedom |^ |99[, the stable state of mat- 
ter at high density will be quark matter \\10(\\ , which has been shown to 
exhibit color superconductivity at low temperature [ |101| , |102| . The color su- 
perconducting quark matter |T03|, [10|, [10|, |0|, ^Ojl |108|, [T0|, |llT| [112 



im| , p^ , |n5|, ^ |TT7|, g [Tg, |nu|, [nT|, |t^, p^, [t^ , pBj p7|, 



I29| , pO| , [ml , [13^ , p3| , [13^ , |T35| , p6| might exist in the core of neutron 



stars, since the Cooper-pair gap and the critical temperature turn out to be 
quite large, of the order of 10 ~ 100 MeV, compared to the core tempera- 
ture of the neutron star, which is estimated to be up to ~ 0.7 MeV [|1371 . 
On the other hand, it is found that, when the density is large enough for 
strange quark to participate in Cooper-pairing, not only color symmetry but 
also chiral symmetry are spontaneously broken due to so-called color-flavor 
locking (CFL) ||115|| : At low temperature. Cooper pairs of quarks form to 



lock the color and flavor indices as 



where a, 6 = 1,2,3 and 2,j = 1,2,3 are color and flavor indices, respec- 
tively, and we ignore the small color sextet component in the condensate. 
In this CFL phase, the particle spectrum can be precisely mapped into 
that of the hadronic phase at low density. Observing this map, Schafer 
and Wilczek ||109| , |108|| have further conjectured that two phases are in fact 
continuously connected to each other. The CFL phase at high density is 
complementary to the hadronic phase at low density. This conjecture was 
subsequently supported by showing that quarks in the CFL phase are re- 
alized as Skyrmions, called superqualitons, just like baryons are realized as 
Skyrmions in the hadronic phase ||113| , |134| . 
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2 Outline of the chiral models 



2.1 Chiral symmetry and currents 

For a fundamental theory of hadron physics, we will consider in this work the 
chiral models such as Skyrmion, MIT bag and chiral bag models. Especially, 
the CBM can be described as a topological extended object with hybrid phase 
structure: the quark fields surrounded by the meson cloud outside the bag. In 
the CBM, a surface coupling with the meson fields is introduced to restore the 
chiral invariance which was broken in the MIT bag p8| , |69| . To discuss 



the symmetries of the CBM and to derive the vector and axial currents, which 
are crucial ingredients for the physical operators for the magnetic moments 
and EMC experiments, we introduce the realistic chiral bag Lagrangian 

= Ccs + ^CSB + ^^FSB (2.1) 

with the chiral symmetric (CS) part, chiral symmetry breaking (CSB) mass 
terms and SU(3) flavor symmetry breaking (FSB) pieces due to the correc- 
tions 7^ rriK and f^, ^ fx 



1 V, 
—1 



>B 



+ (^--/2tr(y^) + ^tT[l„ + Cwzw) Qb 

CcsB = -^M^eB + \f!mltT{U + U^ -2)Qb 

Cfsb = kf^m%-f^mlM{l-V3Xs){U + U^-2))e, 

-^fAx' - l)tr((l - V3Xs){Ul,F + y^f/t))es. (2.2) 

Here the quark field ip has SU(3) flavor degrees of freedom and the chiral 
field U = e*'^"'^"/-^'" G SU(3) is described by the pseudoscalar meson fields Tia 
(a = 1, 8)[] and Gell-Mann matrices Aq with XaXb = |5af) + {ifabc + dabc)Xc, 
and = U'^d^jU . In the numerical calculation in the CBM we will use the 
parameter fixing e = 4.75, = 93 MeV and fx = 114 MeV. 



^In this work we will use the convention that a, 6, c, ... are the indices which run 1, 2, 8 
and i, j, fc, ... for 1, 2, 3 and p, g, ... for 4, 5, 6, 7. The Greek indices /i, ... are used for the 
space-time with metric g^i^ = diag (+, — , — , — ). 
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The interaction term crucial for the chiral symmetry restoration is given 

by 

f/, = i±2£[,l±2i + i^C;tl^. ,2.3) 

and Ab = —n^d^^QB where is the bag theta function with vanishing 
value (normalized to be unity) only inside the bag and is the outward 
normal unit four vector and the Skyrmion term is included to stabilize soliton 
solution of the meson phase Lagrangian in Ccs- The WZW term, which will 
be discussed in terms of the topology in the next section, is described by the 
action 

^^^^ " "2i^ /m d're'^""^"tr(Z^i.Z,Z^Z^), (2.4) 

where N,, is the number of colors and the integral is done on the five- 
dimensional manifold M = F x S*^ x J with the three-space volume V outside 
the bag, the compactified time and the unit interval I needed for a local 
form of WZW term. The chiral symmetry is explicitly broken by the quark 
mass term with M — diag (m^, m^, rus) and pion mass term, which is chosen 
such that it will vanish for [/ — 1. 

Now we want to construct Noether currents under the SU(3)lxSU(3)r 
local group transformation. Under infinitesimal isospin transformation in the 
SU(3) flavor channel 

^ ^ ^' = (1 - ie„(5„)V, 

U^U' ^ {l-ieaQa)U{l + ieaQa). (2.5) 

where ta{x) the local angle parameters of the group transformation and 
Qa — '^a/S are the SU(3) flavor charge operators given by the generators 
of the symmetry, the Noether theorem yields the flavor octet vector currents 
(FOVC) from the derivative terms in Ccs and Cfsb 

= V'7''QaV'0B+(-^/>(4n + ^tr[4,nr,n+t^^^^)e)s 

-^{fl - /')tr((l - a/3A8)(C/{Q„, P} + {Qa. nU^) + U'^)Qb 

^^^'"""MQalJah U^)Qb (2.6) 
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with e°^^^ = 1. Of course the Jy" are conserved as expected in the chiral 
hmit, but the mass terms in Ccsb and Cfsb give rise to the nontrivial four- 
divergence 

= -^(/^m^-/>^)tr((l-v^A8)[Q.,f/ + f/t])eB 

+ - /')tr((l - V3A8)[4, Ul,l>^ + 1,I^U^])Qb 

-i^P[Qa,M]^QB. (2.7) 

In addition one can see that the electromagnetic (EM) currents Jem can be 
easily constructed by replacing the SU(3) flavor charge operators Qa with 
the EM charge operator Qem = Qs + ^gOs in the FOVC ( ^IBf ) and that the 
four divergence ( p. 71 ) vanishes to yield the conserved EM currents. 

Similarly under infinitesimal chiral transformation in the SU(3) flavor 
channel 

U-^U' = {l + teaQa)U{l + teaQa), (2.8) 
one obtains the flavor octet axial currents (FOAC) 

-^(/x - /')tr((l - V3Xs){U{Qa, n + {Qa, nU^) -U^ U^)Qb 
+^e^^''hi{QalUJ(3 + U^)Qb. (2.9) 

Here one notes that the FOAC are conserved only in the chiral limit, but one 
has the nontrivial four- divergence from the mass terms of Cess and Cfsb 

d,JT = lifWK-fnrnlMil-V3\s)[Qa,U-U^])eB 

-^Uk - /')tr((l - VsXsHQa, Ul,F - 1,FU^})Qb 
+#75{Qa, M}^eB. (2.10) 



In the meson phase currents of ( |2.6D and (|2.9| ), one should note that the terms 
with U ^ W in the FOAC have the opposite sign of those in the FOVC. 
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Moreover the mesonic currents from the WZW term and the nontopological 
terms have also the sign difference in front of the term with U ^ U'^ . 

On the other hand, one can define the sixteen vector and axial vector 



charges [|T38|, |T3|, [T4| of SU(3)LxSU(3)ij 



Qa 

Ql 



d^xJ^'^ 



(2.11) 



where and J^" are the octets of the FOVC and FOAC in and 
respectively. In the quantized theory discussed later these generators are the 
charge operators and satisfy their equal time commutator relations of the Lie 
algebra of SU(3)lxSU(3)r 



Qai Qb 
Qa: Qb 

QlQl 



ifabcQc 
^ fabcQ c 
^fabcQc 



(2.12) 



and the chiral charges and defined as 



Q 



R,L 
a 



^{Qa±Ql) 



form a disjoint Lie algebra of SU(3)s 



(2.13) 



Qa: Qb^ 



Qa 5 Qb 

L 
b 



, Q' 



^fabcQ 
^fabcQ 





(2.14) 



from which the Adler-Weisberger sum rules ||141| , |142|] can be obtained in 
terms of off-mass shell pion-nucleon cross sections. 



2.2 WZW action and baryon number 

More than thirty years ago Skyrme |76| proposed a picture of the nucleon as a 
soliton in the otherwise uniform vacuum configuration of the nonlinear sigma 
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model. Quantizing the topologically twisted soliton, he suggested that the 
topological charge or winding number could be identified with baryon number 
B. His conjecture for the definition of B has been revived |143|| in terms of 



quantum chromodynamics (QCD). In particular Witten has established 



a unique relation between the topological charge and baryon number with 
the number of colors playing a crucial role. 

In the large- iVc limit of QCD |p.44 ], meson interactions are described 



by the tree approximation to an effective local field theory of mesons, and 



baryons behave as if they were solitons ||145|] so that the identification of the 
Skyrmion with a baryon can be consistent with QCD. 

In this section we will briefiy review and summarize the fermionization 
of the Skyrmion with the WZW action W^ to obtain the baryon number in 
the CBM. 

Now we consider the pure Skyrmion on a space-time manifold compacti- 
fied to be S'^ = x where and are compactified Euclidean three- 
space and time respectively. The chiral field U is then a mapping of into 
the SU(3) group manifold to yield the homotopy group 7r4(SU(3)) = so 
that the four-sphere in SU(3) defined by U{x) is the boundary of a five di- 
mensional manifold M = S"^ x x I with two dimensional disc D = x I 
where / is the unit interval. Here one notes that M is not unique so that the 
compactified space-time S"^ is also the boundary of another five-disc M' with 
opposite orientation. 

On the SU(3) manifold there is a unique fifth rank antisymmetric tensor 
oj^yap-y invariant under SU(3)ixSU(3)/j, which enables us to define an action 



M,M' 



± / d^e^^°^^^^,„^^, (2.15) 



M,M' 



where the signs ± are due to the orientations of the five-discs M and M' 
respectively. As in Dirac quantization for the monopole [ p.46| , |147|| , one should 



demand the uniqueness condition in a Feynman path integral e^'^M = e^'^M' 
to yield Fm — Fm' = /m+m' — 27rxinteger for any five-sphere constructed 
from M + M' in the SU(3) group manifold. Here one notes that every five- 
sphere in SU(3) is topologically a multiple of a basic five-sphere due to 
7r5(SU(3))=Z. Normalizing oj on the basic five-sphere such that /^s oj = 2tt 
one can use in the quantum field theory the action of the form nV where n 
is an arbitrary integer. On the other hand one can obtain the fifth rank 
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antisymmetric tensor uj^^aii-y on the five-disc M [ [78| 



2 

= ~7T77rT^^(^M^i^^«^/3^7)' (2.16) 
24U7r^ 

which leads us to the condition that the nVu is nothing but the WZW term 
in the pure Skyrmion model if n = N^.. Here one notes in the weak field 
approximation that the right hand side of (p. 16 ) can be reduced into a total 



divergence so that by Stokes's theorem uj can be rewritten as an integral 
over the boundary of M, namely compactified space-time . In the CBM 
the five-disc U = ^ X J is modified into M = x 5^ x / where 
V = — V with V being the three-space volume inside the bag. On the 
modified five-manifold one can construct the WZW term (12. 41) in the CBM. 



Also it is shown |78| that the above action Fm is a homotopy invariant 
under SU(2) mappings with the homotopy group 7r4(SU(2))=Z2 and for a 27r 
adiabatic rotation of a soliton the action gains the value Fm = vr correspond- 
ing to the nontrivial homotopy class in 7r4(SU(2)) so that one can obtain an 
extra phase e*"'^ = (—1)" in the amplitude, with respect to a soliton at rest 
with Fm = belonging to the trivial homotopy class. Here the factor (— 1)" 
indicates that the soliton is a fermion (boson) for odd (even) n. On the other 
hand, one remembers that a baryon constructed with n quarks is a fermion 
(boson) if n is odd (even). With the WZW term with three flavor N^. = 3, 
one then concludes that the Skyrmion can be fermionized. Here one notes 
that the nontrivial homotopy class in 7r4(SU(2)) can be depicted fT^ by the 



creation and annihilation mechanism of a Skyrmion-anti Skyrmion pair in 
the vacuum through the channel of 27r rotation of the Skyrmion and it cor- 
responds to quantization of the Skyrmion as a fermion. Such a mechanism 
has also been used ||148|| in the (2-1-1) dimensional nonlinear sigma model to 



discuss the Hopf topological invariant and linking number ||149 |. 

In fact, since the (2-1-1) dimensional 0(3) nonlinear sigma model (NLSM) 
was first discussed by Belavin and Polyakov | ]150| |, there have been lots of at- 
tempts to improve this soliton model associated with the homotopy group 
712(3^) = Z. In particular, the configuration space in the 0(3) NLSM is 
infinitely connected to yield the fractional spin statistics, which was first 
shown by Wilczek and Zee | 151 , 149|| via the additional Hopf term. More- 



over the 0(3) NLSM with the Hopf term was canonically quantized ||152|| and 
the model with the Hopf term |l53l |154|, |15|, |T5|, ^5^, which can be 
related with the 0(3) NLSM via the Hopf map projection from to S*^, 
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was also canonically quantized later ||154||. In fact, the CP^ model has better 



features than the 0(3) NLSM, in the sense that the action of the CP^ model 
with the Hopf invariant has a desirable manifest locality, since the Hopf term 
has a local integral representation in terms of the physical fields of the CP^ 
model ||149|| . Furthermore, this manifest locality in time is crucial for a con- 
sistent canonical quantization ||158|| . Recently, the geometrical constraints 



in the 0(3) NLSM and CP^ model are systematically analyzed to yield the 
first class Hamiltonian and the corresponding BRST invariant effective La- 



grangian ||1 59| , [1601 , |15^] . Meanwhile, the CP^ model was studied on 



the noncommutative geometry [p.62|| , which was quite recently analyzed in 
the framework of the improved Dirac quantization scheme ||163| . 

Now using the Noether theorem as in the previous section one can obtain 
the conserved flavor singlet vector currents (FSVC) Jy which can be prac- 
tically derived by simple replacement of Qa with 1 in the FOVC ( |2.tj| ). If 
one defines the baryon number of a quark to be l/N^ so that a baryon con- 
structed from Nc quarks has baryon number one, then the baryon number 
current can be shown to be {1/Nc)Jy, namely 



:^'^"^tr(/,/,/^)e 



and the baryon number of the chiral bag is given by 



B 



d^xB^ 



B 



^x—ip^ip + 



d^x 



1 



V 



247r2 



(2.17) 



(2.18) 



which will be discussed in terms of the hedgehog solution ansatz in the next 
section. 



2.3 Hedgehog solution 

Since the Euler equation for the meson fields in the nonlinear sigma model 
was analytically investigated |7T| to obtain a specific classical solution for 



the meson fields whose isospin index points radially 7rj(r)//^ = f*6'(r), the 
so-called hedgehog solution, this spherically symmetric classical solution has 
been commonly used as a prototype ansatz in the literature of the Skyrmion 
related hadron physics. 

In this section we will consider the classical configuration in the meson 
and quark phases to review and summarize briefly the baryon number frac- 
tionization gl], ^ in the CBM. 
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Assuming maximal symmetry in the meson phase of the chiral bag, we 
describe the hedgehog solution Uq embedded in the SU(2) isospin subgroup 
of SU(3) 

/ iT-f8{r) n \ 

Uo=i^\ 1 j (2.19) 

where {i = 1,2,3) are the Pauli matrices, x = x/r and 6{r) is the chiral 
angle determined by minimizing the static mass M of the chiral bag and 
constrained by the boundary condition at the bag surface. 

In the CBM Lagrangian (|2.1|) , due to the symmetry breaking mass terms, 
the static mass has an additional pion mass term p^, |164|| as below 




M = — ^ / dzzU\ — \+\2 + 2 
e JeUR \\d-zj \ 

+2/i2(l-cos0)) (2.20) 

with the dimensionless quantities z = ef-j^r and /ivr = m^/e/7r. Minimizing 
the above static mass M, one obtain the equation of motion for the chiral 
angle 9 outside the bag 



[z'^ + 2 sin^ 9)—^ + 2z"-^ + 





I— + 2^— 

dz"^ dz 

—jj^l-z'^ sin 6* = 

which yields the static Skyrmion chiral angle defining a stationary point of 
the chiral bag action. 

Together with the boundary term —^ipU^ip^B, the static mass M also 
yields the boundary condition for the chiral angle at 2; = c/tt-R 

rV^i75r ■ fe^^sr-fe^ (^2.22) 




which allows the flow of currents in the two phase via the bag boundary. Here 
one notes that the baryon number (|2.18 ) obtained from the topological WZW 



term and quark fields remains constant ||3T|, regardless of the bag radius 
through the continuity of the current at the bag boundary, even though one 
has the additional pion mass term in the static mass M. 
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On the other hand, in the chiral symmetric hmit, the conventional varia- 
tion scheme with respect to the quark fields yields the Dirac equation inside 
the bag and the boundary condition on the bag surface 

i-fi'df.ip = 0, r <R, (2.23) 
i^n^^ = U5tp, r = R (2.24) 

where the missing quark masses will be discussed later after the collective 
coordinate quantization is performed. 

Due to the coupling of spin and isospin in the boundary condition ( |2.24|) , 



the u and d quarks can be coalesced |p.65|| into hedgehog (h) quark states 



eigenstates of grand spin K = I + J, not of the isospin / and the spin 
J = L + S separately, while the s quark is decoupled from the hedgehog 
quark states. The h quark state is then specified by a set of quantum numbers 
{K, rriKi P, m) where K{K + 1) and m^Q are the eigenvalues of the squared 
operator and the third component of K, and P and m are the parity 
and radial excitation quantum numbers, respectively. Similarly the s quark 
states are labeled by another set {j,mj, P,n) with j{j + 1), nij and n, the 
eigenvalues of J^, J3 and radial quantum number. 

Now the quark field ip can be expanded in terms of the wave functions of 
the hedgehog and strange quark states 

^(f,t) = 5:V^::(f)e-"*a„ + V^^(r)e-"*6t 

n 

+V':(f)e-'""*c„ + V^^*(f)e'""*4 (2.25) 

where the hedgehog quark states are expressed by the spatial wave functions 
V'n(^) with grand spin quantum numbers, whose explicit forms will be given 
in the Appendix B, and the annihilation operator a„ {b}^) for the positive 
(negative) energy fulfills the usual anticommutator rules and also defines the 
vacuum a„|0 >= 6„|0 >= 0, and the strange quark states are analogously 
described. Here we do not bother to include the color index explicitly since 
every particle is a color singlet. The energy spectrum of the hedgehog quark 
states | |165| ] is subordinate to 9{R), the chiral angle at bag surface, while the 
strange quark states remain intact regardless of the chiral angle. 



^Here we have used the same symbol rriK for the quantum number and the kaon mass. 
However, a reader can easily recognize the meaning of the symbol from the context. 
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Finally in the framework of the previous literatures we reconsider 

the baryon number ( 2.18| ) in the hedgehog ansatz to see that the total baryon 
number is still an integer in the CBM. Using the hedgehog solution ( [^.19| ) 
in the meson piece in (|2.18|) one can obtain the fractional baryon number in 
terms of the chiral angle at the bag surface 9 = 6{R) G [— vr, 0] fT^ 



27r 



Xe[ 



sin 6 cos I 



(2.26) 



where xe is the Euler characteristic, which has an inter two in the spherical 
bag surface. 

In general the Euler characteristic of a compact surface is the topological 



invariant defined by the integer v — e + f ||166|| with f , e and / the numbers 
of vertices, edges and faces in a decomposition of the surface so that one 
can easily see ^^(sphere) = 2 and X£;(torus) = 0, for instance. Also it is 
interesting to see that adding a handle H, or a torus with the interior of 
one face removed, to a compact surface S reduces its Euler characteristic 
by two, since to obtain the coalesced surface S' one needs the surgery of 
removing the interior of a face of S so that S' has two faces less than S and 
H combined. For a coalesced surface with h handles, one has the generalized 
identity XEiS') = XEiS) - 2h 



On the other hand, it has been noted ||3T| in the CBM that the quark 
phase spectrum is asymmetric about zero energy to yield the nonvanishing 
vacuum contribution to the baryon number 



So = -^lim5:sgn(EOe-^l^"l 



(2.27) 



where the sum runs over all positive and negative energy eigenstates and the 
symmetrized operator |[?/^"'', ?/^] is used in the quark part of ( |2.18|) . Here one 
notes that the regularized factor is closely related |^ to the eta invariant of 



Atiyah et al. |T67| 



V{s) = -lim^sgn(E„)|£;„ 



(2.28) 



which has been also discussed in connection with the phase factor of the 
path integral in quantum field theory associated with the Jones polynomial 
and knot theory [ |168|| , and recently has been exploited in investigation of 
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the semiclassical partition functions and the Jacobi fields in the framework 



of the Morse theory of differential geometry [|169| . 

Except at the magic angle 9 = — 7r/2, where the baryon number is shared 
equally with both quark and meson phases and Bq jumps by unity due to 
the Dirac sea ||3T|, the chiral angle dependence of the quark vacuum baryon 
number dBo/dO = | limg^o ■5('^-E„/(i6')e~*'^"' is given in terms of the in- 



tegration of the Gaussian curvature k on the bag surface S 

dBn 1 



sin^^ / d^xK (2.29) 



d9 27r2 

where a multiple-reflection expansion of the Euclidean Green's function, as 
well as the Dirac equation ( [^.23D and the boundary condition ( [^.24D , has 



been used 74 



Using the Gauss-Bonnet theorem ||170|| one can rewrite ( p.29|) in terms of 
the Euler characteristic dBo/dO = (x/tt) sin^ 9 to yield the total quark phase 
baryon number 

B^ = l + —XE{d-smecose) (2.30) 

where, in addition to the 6'-dependent vacuum contribution Bq, one has the 
unity factor contributed by the Nc degenerate valence quarks to flll the = 
0"*" h-quark and = I"*" s-quark eigenstates. In the = 0+ level we 
can deflne the static hedgehog ground state \H >q: al\0 > (aj, being the 
valence quark creation operator with the quantum number = 0^) for 
— 7r/2 < 6 < and |0 > in — vr < 9 < — 7r/2, since the quarks in the positive 
energy level are the valence quarks while those in the negative energy level 
can be considered to sink into the vacuum. 

Here one notes that in the MIT bag limit at 6' = 0, where there are 
no vacuum and meson contributions, only the A^,, degenerate valence quarks 
yield the baryon number. Also for — 7r/2 < < the valence quarks and 
^-dependent vacuum contribute to Bg while for — tt < 6 < — 7r/2 only the 
quark vacuum does in the static hedgehog ground state. 

2.4 Collective coordinate quantization 

Until now we have considered the baryon quantum number in the classical 
static hedgehog solution in the meson phase of the CBM. As in the Skyrmion 



model ||6^, the other quantum numbers such as spin, isospin and hypercharge 
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can be obtained in the CBM by quantizing the zero modes associated with 
the slow collective rotation 



Uo AUoA\ All) (2.31) 

on the SU(3)ir group manifold where A{t) G SU(3)f is the time dependent 
collective variable restrained by the WZW constraint. 

In the A dimensional IR, the baryon is then described by a wave function 
of the form 

\B)^ = <1>^(^) ® lintrinsic) (2.32) 
where ^b{A) is the baryon dependent collective coordinate wave function 



$^(^) = v/dim(A)D,\(A) (2.33) 

with the quantum numbers a = (Y, /, I3) {Y; hypercharge, /; isospin) and 
b = (Yr; J, J3) (Yr; right hypercharge, J; spin) in the Wigner D- matrix. 
In the 8-dimensional adjoint representation the matrix is given by D^f^{A) = 
^ti^A^ XaAXb). On the other hand, the intrinsic state degenerate to all the 
baryons is described by the classical meson configuration approximated by 
a rotated hedgehog solution AUqA^ and a rotated hedgehog ground state 
discussed later. 

With the introduction of the collective rotation, the Dirac equation ( p.23| ) 
is modified and the boundary condition ( |2.24|) is rewritten in the hedgehog 
ansatz as below 



(il^d^ + ^qal'Xa)^ = 0, r<R (2.34) 
(if ■ ^ + e'^'^'^''^) ^p = r = R (2.35) 

where we have used the collective coordinates Qa defined by A'^A = —^XaQa- 
The collective rotation of the chiral bag induces the particle-hole excita- 
tions which will be treated perturbatively in this work to yield the correction 
to the wave functions ipn{r) and ipni^ ( |2.25D 



C = c (^) + E ' _ ' C 
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C = C(r) + kE4%^«(-1 (2-36) 

where the matrix elements with the unperturbed states 'ip^{r) and/or ip^{r) 
are defined as the following Dirac notations 



h{m\\\n)h = / d=^x^r(^1A,^r(^1 

J \/ 

s{m\\,\n)u = l^d'xi^^^'{r)\i^l\r). (2.37) 



Here one notes that since related to the WZW term plays the role of a 
constraint, it does not appear explicitly in the above quark wave functions. 

With the collective rotation, the Fock space should then be modified for 
Nc quarks to fill up the new single states ( p. 36 ) with the minimum energy so 
that the rotated hedgehog ground state has a form analogous to the cranking 
formula in nuclear physics ||171 



\ ^ m,n \ 

— £n ) 

+ 9 L + % , _^ (^rrflv \H)o (2.38) 

where \v) stands for the valence quark state for — 7r/2 < ^ < 0. 

To obtain the chiral bag Hamiltonian in the chiral symmetric limit (see 
Section 2.2 for the symmetry breaking case) we can construct the canonical 
momenta Ua conjugate to the collective variables 

Ua = XiqAa + l2qpSpa + —B6sa- (2.39) 

Here we have used the parameter fixing A^^ = 3 and the identity Bg + = 1 
discussed before where B^ comes from the WZW term and Bg is calculated 
from the equation {H\ Jy d^xip\\8/2)\H) = ^Bg. 

The moments of inertia Xi and X2 are explicitly given by sum of two 
contributions from the quark and meson phases as below 

T _ ^ s:^ \h{m\X3\n)h\'^ 3 ^ \h{m\X3\v)\'^ 
' ~ 2^ e -e 2^ e -e 
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57r 



oo 




3e^/^ Jef^R 

+ ^ r ^'(l-cos^) I 1+ ( ^ 1 + " " I (2.40) 



where we have used the symmetry properties of the matrix elements to em- 
ploy only A3 and A4. 

The chiral bag Hamiltonian is then given by 

where M is the static mass (|2.20|) and and C*| are the Casimir operators 
in the SU(2) and SU(3) groups, respectively, and Yr is the right hypercharge 
operator to yield the WZW constraint YRlphys) = +l|phys) for any physical 
state Iphys). 



2.5 Cheshire cat principle 

As we have seen in the previous sections the CBM can be considered as a 
hybrid or combination of two different models: the MIT bag model at infinite 
bag radius on one hand and Skyrmion model at vanishing radius on the other 
hand. Of course the meson phase Lagrangian in ( |2.1| ) can be generalized by 
a more complicated version including vector meson fields such as p and uj 



In the hybrid model there has been considerable discussion concerning the 
conjecture that the bag itself has only notational but no physical significance, 
the so called Cheshire cat principle (CCP) J70|, |2|, ||, |0|, 0.0 The jargon 



Cheshire cat originates from the quotation in the fable "Alice in Wonderland" 



[ |1 73|| : "Well, I've often seen a cat without a grin," thought Alice, "but a grin 
without a cat! It is the most curious thing, I ever saw in my life!" According 
to the Cheshire cat viewpoint, the bag wall (Cheshire cat) tends to fade 

Based on phenomenology, a similar idea of the CCP was proposed by Brown and 
co-workers, simultaneously and independently of Ref. [[70[. 
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away, when examined closely, leaving behind the bag boundary conditions 
translating the fermionic and bosonic descriptions into one another (the grin 
of the Cheshire cat) |7D|. 

In (1+1) dimensions where exact bosonization and fermionization rela- 



tions are known ||174|| , Nadkarni and co-workers proposed the Cheshire cat 



model where the CCP is exactly obeyed so that physics is invariant under 



changes in bag shape and/or size |j70[. Namely, in a simple model with a 



free massless fermion inside the bag and the equivalent free massless boson 
outside the bag, the bag boundary conditions are shown, via bosonization 
relations, to yield a clue to the CCP: shifting the bag wall has no physical 
effect. 

Now, we briefly recapitulate the CCP in the (1+1) dimensional CBM, by 
introducing a massless free single-flavored fermionic quark ip confined to a 
region of volume V (inside) and a massless free bosonic meson located in 
a region V (outside). Here we assume these two fields are coupled to each 
other via the surface dV. Now we consider the following action S which is 
invariant under global chiral rotations and parity^ 

S = Sv + Sv + Sav, (2.42) 
Sv = f d^x iJi-f^d^ij + ■ ■ ■ , (2.43) 



V 



S- 



V 



/.d^x ^(9,0)2 + •••, (2.44) 

Sav = I dS^in^^e^^^^/^V', (2-45) 
Jdv 2 

where the ellipsis stands for other terms such as interactions, masses and so 
on. Here we have assumed that chiral symmetry holds on the boundary even 
if as in nature it is broken both inside and outside due to mass terms, and 
that the boundary term does not break the discrete symmetries P, C and 
T. In the boundary action (|2.45|) , / = l/v^ivr is the (p meson decay constant 



and dS^ is an area element with the normal vector n^, namely, = — 1 and 
picked outward- normal. 

From the action (|2.42|), one can obtain the classical equations of motion 



i-i^d^i, = 0, (2.46) 



'*Here we have used the metric g^^ = diag(l, —1) and the Weyl representation for the 
gamma matrices, 70 = 7" = cri, 71 = —7^ = —ia2, 75 = 7^ = 03 with Pauh matrices cFi. 
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d'^d^^ = 0, (2.47) 

and the boundary conditions associated with the MIT confinement condition 

irif'-f^il; = -e'^'-^/f^, (2.48) 
n^d^<P = ^^n'^TMTs^. (2.49) 

Here one can have the conserved vector current = with d^jfj_ = or 

ip^n^'j^ip = at the surface from Eq. (p.48|) , and the conserved axial vector 
current = ^"i^^J with = from Eq. ( |2.49|) . Note that at quantum 



level the vector current is not conserved due to quantum anomaly, contrast 
to the usual open space case where anomaly is in the axial current. 

For simplicity we assume that the quark is confined to the space —oo< 
r < R with a boundary at r = i?. The vector current is then conserved 
inside the bag 

d'^j, = 0, (2.50) 

to, after integration, yield the time-rate change of the fermion (quark) num- 
ber 

— = 2 / dr aojo = 2 / dr diji = 2ji(i?), (2.51) 
SO that one can obtain on the boundary 

^ = i^n^i.i^, (2.52) 

which vanishes classically as mentioned above. However, at quantum level 
the above quantity is not well-defined locally in time since %lj'^{t)ip{t + e) is 
singular as e — *• due to vacuum fiuctuation. Now we regulate this bilinear 
operator by exploiting the following point-splitting ansatz at r = i? 

ii = m\lMt + e) = -^e0(t)^t(t)^(t + ,) = ^e</.(t) + 0(e), (2.53) 

where we have used the boundary condition ( |2.48| ), the commutation relation 
[0(t),(/)(t + e)] = i sgne and ip^{t)^{t -|- e) = ^ + regular terms The 



quarks can then fiow in or out if the meson fields change in time. In order to 
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understand the leakage of the quarks from the bag, we consider the surface 
tangent = e^^Uy to obtain at r = i? 

t'd^^^t^ = -^V'^'^TmV' = ^V't^T/.Ts^, (2.54) 

where we have used the relation ip'^/^'y^ip = e^u^'-^^ip valid in (1+1) dimen- 
sions. Combination of Eqs. ( p.49| ) and ( |2.54|) yields the bosonization relation 



at the boundary r = R and time t 



= ^^7m75^, (2.55) 



which is a unique feature of (1+1) dimensional fields ||1 74|| . Moreover, the 



quark field can be written in terms of the meson field as follows 



ij{x) = exp ( / dz 



^(xo), (2.56) 



where 7t{z) is the momentum field conjugate to (piz). Here one notes that the 
nonvanishing vector current ( p.53| ) is not conserved due to quantum effects 
to yield the vector anomaly as shown in Eq. ( p.51|) , and that the amount 



of fermion number At^/vr/ is pushed into the Dirac sea through the bag 
boundary to yield the following fractional fermion numbers By inside the 
bag and By outside the bag, respectively 

Bv = l--, By = - (2.57) 

TT 71 

with 9 = (j){R)/ f. Note that due to the identity By + By = 1, the total 
fermion number B is invariant under such changes of the bag location and/or 
size so that one can conclude that the CCP in (1+1) dimensions is realized. 
Until now we have considered the colorless fermions without introducing a 
gauge field A^^. If one includes the additional gauge degrees of freedom inside 
the bag, one can have another type of anomaly, so-called color anomaly ||175 



176|| , which also appears in the realistic (3+1) dimensional CBM. (For more 



details see Ref. 

Now, we would like to briefly comment on the case of the CCP in (3+1) 
dimensions. One remembers in ( p.26| ) and ( p.30| ) that the fractional baryon 
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numbers Bm and Bq are described in terms of the Euler characteristic and 
chiral angle, which depend on the bag shape and size, respectively, so that 
one can enjoy the freedom to fix the fractional baryon numbers in both 
phases by adjusting these bag parameters. Moreover, due to the identity 
Bm + Bg = 1, the total baryon number B is invariant under such changes 
of the bag shape and/or size so that one can conclude that the CCP in the 
CBM is realized at least in the physical quantity B in (3+1) dimensions as 
in the above case of (1+1) dimensions. This fact supports the CCP in the 
(3+1) dimensional CBM even though there is still no rigorous verification 
for this principle in other physical quantities evaluated in the CBM. For 
instance, one can see the approximate CCP in the flavor singlet axial current 
evaluated in the (3+1) dimensional CBM, as shown in Figure 0. (For more 
details see Ref. [0.) In the following sections, we will see that the CBM 
can be regarded as a candidate unifying the MIT bag and Skyrmion models 
since the other physical quantities are also insensitive enough to suggest the 
CCP. 



3 Baryon octet magnetic moments 
3.1 Coleman-Glashow sum rules 



Since Coleman and Glashow [ 177 | predicted the magnetic moments of the 
baryon octet about forty years ago, there has been a lot of progress in both the 
theoretical paradigm and experimental verification for the baryon magnetic 
moments. 

In this section, we will investigate the explicit Coleman-Glashow sum 
rules and spin symmetries of the magnetic moments of the baryon octet in 
the adjoint representation of the SU(3) flavor group by assuming that the 
chiral bag has the SU(3) flavor symmetry with rriu = md = rris, = rriK 
and fj, = fx- Even though the quark and pion masses in Ccsb in ( |2.2| ) 
break both the SU(3)lxSU(3)r and the diagonal SU(3) symmetry so that 
chiral symmetry cannot be conserved, these terms without derivatives yield 
no explicit contribution to the EM currents J'^^j obtainable from ( |2.6| ), and 
at least in the adjoint representation of the SU(3) group the EM currents are 
conserved and of the same form as the chiral limit result J^j^^ to preserve 
the U-spin symmetry. 
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Figure 1: The flavor singlet axial current of the proton as a function of bag 
radius: (a) the quark and r] meson contribution a^^ + a°, (b) the gluon 

contributions Oc.static a^.^jac from static gluon due to quark source and 
gluon vacuum, respectively, (c) the total contribution a^g^^;. The shaded area 
stands for the range admitted by experiments. 
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The higher representation mixing in the baryon wave functions, induced 
by the different pseudoscalar meson masses and decay constants outside and 
different quark masses inside the bag, will be discussed in the next section in 
terms of the multiquark structure scheme where the chiral bag has additional 
meson contribution from the qq content inside the bag. 

In the collective quantization scheme of the CBM which was discussed in 
the previous section, the EM currents yield the magnetic moment operators of 
the same form as the chiral symmetric limit consequence fi^cs — fkfs + 75 Acs 
where 

-ATDl, - Af'd,,,Dlf^ + p-MDlJ,. (3.1) 



Here jj = —T^ are the SU(2) spin operators, and and are the right 
SU(3) isospin operators along the isospin and strangeness directions respec- 
tively, and the inertia parameters are of complicated forms given by 



A/" 



M 



m 



dzz sin 6 



1 + 



'dz' 



+ 



sin^ 9 



1 3 
"222: 



E 



h{m\X4\n)ss{n\fi^^^\m)h , s{m\X4\n)hh{n\lJ,''3^\m), 



UJr, 



UJr, 



{v\X4\m)ss{m\fi''^^\v) 



+ 



OJr, 



— -E 

J_3 ^ h{m\X3\n)hh{n\fiP\m)h 
Xi oire^j^ Jef^R dz 



A 2 • 2 add 
Sne^j^ Jef^R dz 

'AM^)hh{'m\^^f\v) 

T O 2^ 



Ti 2 



(3.2) 



with /i^^^ = i . iA- 17, = and nf^ = where Vi = eijkXj'y^'y'' and 
the hermitian conjugate matrix elements are understood in the quark phase 
parts of J\f' and M.. The numerical values ^ of these inertia parameters 
are summarized in Table and their quark phase inertia parameters are 
discussed in Ref. and Appendix B. Here one notes that Ai and A/"' 
originate from the topological WZW term along the isospin and strangeness 
directions, respectively. With respect to the octet baryon wave function $^ 
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Table 1: The inertia parameters as a function of the bag radius R with 
U = 93MeV, fx = lUMeV and e = 4.75. 



R 


M 




^^ 


^^' 




r 




Q 




0.00 





671 


5 


028 


0.908 





762 





986 


5.372 


0.10 





671 


5 


088 


0.835 





772 


1 


000 


6.008 


0.20 





669 


5 


371 


0.791 





822 


1 


062 


7.144 


0.30 





660 


5 


660 


0.752 





886 


1 


125 


8.290 


0.40 





647 


5 


697 


0.699 





944 


1 


159 


8.991 


0.50 





643 


5 


834 


0.615 


1 


022 


1 


205 


10.133 


0.60 





656 


6 


000 


0.519 


1 


112 


1 


265 


11.875 


0.70 





693 


6 


128 


0.424 


1 


184 


1 


305 


14.022 


0.80 





768 


6 


167 


0.335 


1 


212 


1 


302 


16.550 


0.90 





886 


6 


130 


0.266 


1 


185 


1 


249 


19.280 


1.00 


1 


042 


6 


056 


0.222 


1 


114 


1 


156 


21.987 



discussed in ( p.33|) , the spectrum of the magnetic moment operator /i* in the 
adjoint representation of the SU(3) flavor symmetric limit has the following 
U-spin symmetric Coleman-Glashow sum rules [[177| , |178| , |179|| due to the 
degenerate d- and s-fiavor charges in the SU(3) EM charge operator Qem in 
the EM currents 



/is 



/is- 



/iso 



/ip 



/in 



/iE- 



-/iA 



14 1 

—M + —(Af+-Af') 
10 15^ 2 ' 



1 



20 15 



2 
■(A/" 



(3.3) 



Here one should note that the U-spin symmetry originates from the SU(3) 
group theoretical fact that the matrix elements of the magnetic moment 
operators in ( |3.1| ) in the adjoint representation, such as (8|-D|g + ^Z)8g|8), 
have degenerate values for the U-spin multiplets (p, (n, S°) and 

E~) with the same electric charges. 
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In ( p.3| ) one can easily see that /is (-^3) = /Ws" + ^3^^ls where A^^, = 
^M. + ^(A/'+ ^A/"') so that the summation + /i^- is independent of the 
third component of the isospin J3 so that one can obtain the other Coleman- 

[T80[ 



Glashow sum rules [177, 178, 179 



1, 



(3.4) 



Since there is no SU(3) singlet contribution to the magnetic moment, the 
summation of the magnetic moments over the octet baryon vanishes to yield 
the identity |179| 

E f^B = 0. (3.5) 

BSoctet 

Introducing in the meson pieces of the CBM Lagrangian ( |2.1D the minimal 
photon coupling to the derivative terms, d^U V^f/ = 9^?7 + ieA^[QEM, U] 
with the SU(3) EM charge operator Qem one obtains the AS° transition 
matrix element for the decay S*^ ^ A + 7 



(3.6) 



which, in incorporating an SU(3) singlet contribution of the photon, satisfies 
the modified Coleman- Glashow sum rules 



180, 181 



6 



A^A — A^n 

fi^o - 2/i=o + 3yUA - 2/i„. 



(3.7) 



It is also interesting to note that the hyperon and transition magnetic 
moments in the SU(3) flavor symmetric limit can be expressed in terms of 
the nucleon magnetic moments only ||177| , |178| , |182 



1 

Ats- = -(/Up + Atn) 

/iS+ - /iE- + AtHO - = 3(/ip + 

1 1 
^A^AEO - --/in. 



(3.8) 
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Here one should note that the transition magnetic moment possesses an ar- 
bitrary global phase factor in itself, while the other octet magnetic moments 
have a definite overall sign. In ( |3.8| ) we have used the phase convention of 
Ref. [|183|| , which is consistent with de Swart convention [|184|| of the SU(3) 
isoscalar factors used in the CBM. 



3.2 Strangeness in Yabu-Ando scheme 

In the previous section we have considered the CBM in the adjoint representa- 
tion with the SU(3) flavor symmetry, where the U-spin symmetry is conserved 
even though we have the chiral symmetry breaking mass terms. Now we in- 
clude the SU(3) flavor symmetry breaking terms CpsB in ( P-2|) to yield the 
magnetic moment operators (xpsB of (|3.9| ) induced by the symmetry breaking 



kinetic terms. However, the symmetry is also broken nonperturbatively by 
the mass terms via the higher dimensional IR channels where the CBM can 
be treated in the Yabu-Ando scheme to yield the multiquark structure 



with the meson cloud inside the bag. The quantum mechanical perturbative 
scheme to the symmetry breaking effects in the multiquark structure will be 
discussed in terms of the V-spin symmetry in the next section. 

Assuming that the CBM includes the kinetic term in Cfsb in the col- 
lective quantization, the Noether scheme gives rise to the U-spin symmetry 
breaking conserved EM currents Jem fsb that J^m = ^emcs + ^em fsb- 
With the spinning CBM ansatz the EM currents yield the magnetic moment 
operators /i* = /i*^^^ + -^jj-^^^'^ where ft^^"-^ = /i^^-* + fipsB- Here is given 

in ( ^ni) and fipsB is described as below 

A% = -VDli^ - Dl,) + ^Qd.,,Dl^Dl (3.9) 

where V and Q are the inertia parameters along the isospin and strangeness 
directions obtained from the mesonic Lagrangian CpsB 

3e^/^ JeUR 
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cos6' 



+ ^m,iVe^^(n|7V);, (3.10) 

"J n 

whose numerical values are shown in Table 1. 

Breaking up the tensor product of the Wigner D functions into a sum of 
the single D functions |[L84||, 



, , , ai a2 a M 6i 62 b 

a,o,A,7 \ / \ 



one can rewrite the isovector and isoscalar parts of the operator /t^^^ as 

A% = ^(-^^l + ^^IJ) + Q(-^^8V^^8^J)- (3.12) 

Here the 10 and 10 IRs, which are absent in the isoscalar channel due to 
their nonvanishing hypercharge, come out together to conserve the hermitian 
property of the operator in the isovector channel, while the singlet operator 
constructed in the singlet IR 1 cannot allow the quantum number {Yr;J- 
J3) = (0;l,0) [[179|| so that the operator does not occur in either channel. 

Using the octet baryon wave function ( p.33|) for the matrix elements of 
the full magnetic moment operator fi\ one can obtain the hyperfine structure 
in the adjoint representation 
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Here one notes that the Coleman- Glashow sum rules ( p.4| ) and ( |3.5| ) are still 
valid while the other relations (|3.3|) and( p.8|) are no longer retained due to 
the SU(3) flavor symmetry breaking effects of rriu = md ^ m^, 7^ mx 
and 7^ through the inertia parameters V and Q. 

By substituting the EM charge operator Qem with the q-flavor EM charge 
operator Qg, one can obtain the q- flavor currents J^^j = J'em,cs + J'em^fsb 
in the SU(3) flavor symmetry broken case to yield the EM currents with three 

flavor pieces J^m = Jem + 
flavor projection operators 



flavor pieces Jj^jv^ = J'^^i + J'em + J'em ■ Here one notes that by defining the 



_ 1 1 1 
3 2 2V3 

p. = i-^A„ (3.14) 

satisfying = Pg and J2qPq = 1; one can easily construct the q-flavor EM 

charge operators Qq = QEKiPq = QqPq- 

As in the previous section, one can then find the magnetic moment oper- 
ator in the u-flavor channel 



1 . 1 



+ Q—d,^g{D% + -^Dl)Dl (3.15) 

to yield the u-components of the baryon octet magnetic moments in the 
adjoint representation 

510 45 ^ ^ 2 ^ 135 135 ^ 
31 



>) ^ Lm-—(J^+-J^')-—V + —Q. (3.16) 
30 45^ 2 ' 135 135 ^ ^ 

Similarly one can construct the s-flavor magnetic moment operator 

AT ^9 9 ^ 

A^^^^ = -A^^(l-i?«s)^.-AA^^8VAA'^c^.,,2?3W 

-^^^8^(1 - ^88) + Qld,,,DlDl^ (3.17) 
to obtain the baryon octet magnetic moments in the s-fiavor channel 

Here one notes that all the baryon magnetic moments satisfy the model- 
independent relations in the u- and d-channels and the I-spin symmetry 
in the s-flavor channel where the isomultiplets have the same strangeness 
number 

/^i?^ = ^/^&^ (3.19) 
I^^B^ = /^?- (3.20) 
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Here B is the isospin conjugate baryon in the isomuhiplets of the baryon. 

For the AS° transition, one can obtain the u- and d-flavor components 
given by the different pattern 

^ -|,<^. , ^ -ijA. + + + - (3.21) 

and the vanishing s- flavor component. 

Until now we have considered the explicit SU(3) flavor symmetry breaking 
effects in the magnetic moment operators /2* of the CBM in the adjoint 
representation, where the mass terms in Ccsb and Cfsb cannot contribute 
to /i* due to the absence of the derivative term. Treating the mass terms as 
the representation dependent fraction in the Hamiltonian approach, one can 
see that the term with Df^ induces the representation mixing effects in the 
baryon wave functions. In order to investigate explicitly the mixing effects 
in the Yabu-Ando scheme, we quantize the collective variables A{t) so that 
we can obtain the Hamiltonian of the form 



where Ii and I2 are the moments of inertia of the CBM along the isospin 
and the strangeness directions respectively and their explicit expressions are 
given in 



Here one remembers that the static mass M obtainable from (|2.2CI| ) sat 



isfies the equation of motion for the chiral angle ( ^^.211 ). The pion mass in 



( |2.21|) also yields deviation from the chiral limit chiral angle for a fixed bag 



radius so that the numerical results in the massive CBM can be worsened 
when one uses the experimental decay constant. 

In order to obtain the numerical results in Table |I|, we use the massless 
chiral angle and the experimental data /tt = 93 MeV, Jk = 114 MeV and 
e = 4.75 since {rriu+md) / ms ~ m^/m^ ~ 0.1, so that we can neglect the light 
quark and pion masses. This approximation would not be contradictory to 
our main purpose to investigate the massive kaon contributions to the baryon 
magnetic moments. 

On the other hand, the chiral and SU(3) flavor symmetry breaking induces 
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the representation dependent partQ 

hsB = C', + '^uj{l-Dls), (3.23) 

where C| is the Casimir operator in the SU(3)l group and the symmetry 
breaking strength is given by 



UJ 



87]- roo 

-—Uflml - flml) / dzz\l - cos^) + J2m,iV,^(n|7V)^ 



with the numerical values in Table Of course one can easily see that, in 
the vanishing u limit, the Hamiltonian ( p.22|) approaches to the previous one 
Hq in ( |2.41| ) with the SU(3) flavor symmetry. 



Now one can directly diagonalize the Hamiltonian hsB in the eigenvalue 
equation hsslB) = esbIB) of the Yabu-Ando scheme P2| with the eigen- 



state denoted by \B) = J2\Cx\B)''^ where is the representation mixing 
coefficient and \B) are octet baryon wave function in the A dimensional IR 
discussed in (|2.32| ). 

The possible SU(3) representations of the minimal multiquark Fock space 
qqq+qqqqq are restricted by the Clebsch-Gordan series 8 © 10 © 27Q in the 
baryon octet with Y/j = 1 and J = ^, so that the representation mixing 
coefficients can be evaluated by solving the eigenvalue equation of the 3x3 
Hamiltonian matrix in (|3.22|) . 

Since in the multiquark scheme of the CBM the baryon wave functions 
act nonperturbatively on the magnetic moment operators with the quark and 
meson phase contributions in their inertia parameters, one could have the 
meson cloud content qq inside the bag via the channel of qqqqq multiquark 

^To be consistent with the massless chiral angle approximation, we also neglect the u- 
and d-quark contributions, |a;„^d(l ± ^D^^ + ^ffg) with uJum = l2mu,dNc I]„(n|7°l'^)i 
which can break the I-spin symmetry through -Dfg. 

^Because of the baryon constraint Yr = 1 originated from the WZW term, the spin-i 
decuplet baryons to 10 ©27 ©35. In the qqqqq multiquark structure the Clebsch-Gordan 
decomposition of the tensor product of the two IR's is given by (3 ® 3 ® 3) (8) (3 (g) 3) = 
(1 © 8^ © 10) (K) (1 © 8) = 1^ © 8^ © lO'* © 10^ © 27^ © 35 where the superscript stands 
for the number of different IR's with the same dimension. 
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Table 2: The baryon octet magnetic moments in the U-spin symmetry broken 
case in the Yabu-Ando scheme of the CBM, compared with the SU(2) CBM 
and naive NRQM predictions and the experimental data 



R 


Hp 






/"A 












/^ASO 


0.00 


1.69 


— 1 


28 


-0.56 


-1 


22 


-0.47 


1.73 





69 


-0.36 


1.19 


0.10 


1.71 


-1 


30 


-0.56 


-1 


22 


-0.46 


1.73 





69 


-0.36 


1.20 


0.20 


1.80 


-1 


39 


-0.56 


-1 


27 


-0.45 


1.80 





72 


-0.36 


1.28 


0.30 


1.89 


-1 


48 


-0.58 


-1 


32 


-0.45 


1.86 





75 


-0.36 


1.36 


0.40 


1.91 


-1 


50 


-0.57 


-1 


33 


-0.44 


1.87 





76 


-0.35 


1.38 


0.50 


1.96 


-1 


54 


-0.57 


-1 


36 


-0.42 


1.89 





77 


-0.35 


1.43 


0.60 


2.02 


-1 


59 


-0.57 


-1 


38 


-0.40 


1.90 





78 


-0.34 


1.48 


0.70 


2.07 


-1 


62 


-0.55 


-1 


39 


-0.37 


1.89 





78 


-0.34 


1.52 


0.80 


2.10 


-1 


62 


-0.53 


-1 


37 


-0.34 


1.85 





76 


-0.34 


1.51 


0.90 


2.10 


-1 


59 


-0.49 


-1 


33 


-0.31 


1.79 





73 


-0.34 


1.48 


1.00 


2.10 


-1 


55 


-0.45 


-1 


26 


-0.28 


1.73 





69 


-0.35 


1.26 


SU(2) 


2.27 


-1 


35 


-0.61 


-1 


33 


-0.60 


2.28 





82 


-0.64 


1.26 


naive 


2.79 


-1 


86 


-0.61 


-1 


43 


-0.50 


2.68 





82 


-1.04 


1.61 


exp 


2.79 


-1 


91 


-0.61 


-1 


25 


-0.65 


2.46 






-1.16 


1.61 



Fock space. Here in order to construct the pseudoscalar mesons inside the 
bag, the qq contents refer to all the appropriate flavor combinations. 

In the SU(3) flavor sector of the CBM, the mechanism explaining the me- 
son cloud inside the bag surface seems |3^ closely related to the pseudoscalar 
composite operators ipi^^Xaip ~ tTq (a = 1, 8) since the pseudoscalar quark 
bilinears transform like (3,3) © (3,3), while in the U(l) flavor sector the 
mechanism is supposed M% to be described with the anomalous gluon ef- 



fect in the quark-antiquark annihilation channel ||185|| . In the SU(3) CBM 
with the minimal multiquark Fock space, the meson cloud content qq inside 
the bag surface can be then phenomenologically illustrated [^] by sum of 
two topologically different FejTiman diagrams. One notes here that, in the 
multiquark scheme of the SU(3) CBM, the baryon magnetic moments have 
two-body operator effect as well as one-body self interaction in the sense of 
quasi-particle model in the many body problem. The gluons are supposed 
to mediate the pseudoscalar rjo meson cloud via the qq pair creation and 
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annihilation process. 

As shown in Table the U-spin symmetry breaking effect, through the ex- 
plicit operator fipg^ the Yabu-Ando scheme in the multiquark structure, 
improves the fit to most of the baryon octet magnetic moments. However if 
the experimental data [|186|| is correct, the fit to the /i^- seems a little bit 
worsened. Here one should note that fi\ seems to be well predicted in the 
CBM as in the naive NRQM since /^a could be mainly determined from the 
strange quark and kaon whose masses are kept in our massless profile approx- 
imation. From the numerical values in Table H, one can see that the SU(3) 
CBM could be regarded to be a good candidate of the unification of the bag 
and Skyrmion models with predictions almost independent of the bag radius. 
For the S° — >■ A -f7 transition matrix element, we obtain the numerical pre- 
diction of the CBM /iAso = 1.19 — 1.53 comparable to the experimental data 
/i^fo = 1.61 [g. 



In the q-flavor channels, the I-spin symmetry and model-independent 
relations ( p. 201) hold in the multiquark scheme since the Hamiltonian hsB 
has the eigenstates degenerate with the isomultiplets in our approximation, 
where the I-spin symmetry breaking light quark masses are neglected. 



4 Baryon decuplet magnetic moments 
4.1 Model-independent sum rules 

In the previous section we have calculated the magnetic moments of baryon 
octet in the SU(3) flavor case where the Coleman-Glashow sum rules ||174| 



including the U-spin symmetry hold up to the SU(3) flavor symmetric limit 
of the adjoint representation to suggest the possibility of a unification of the 
SU(3) CBM and the naive NRQM. The measurements of the magnetic mo- 
ments of the decuplet baryons were reported for fiA++ [|1871] and /xq- [|188|| to 



yield a new avenue for understanding hadronic structure. 

In this section we will calculate the magnetic moments of the baryon de- 
cuplet to compare with the known experimental data, to make new 
predictions in the CBM for the unknown experiments and to derive the 
model-independent sum rules which will be used later to generalize the CBM 
conjecture |^ for the baryon decuplet. 



In order to estimate the magnetic moments of the decuplet baryons in the 
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U-spin broken symmetry case, we have at first derived the explicit magnetic 
moment operators fi'psB from the flavor symmetry breaking Lagrangian CpsB 
in the adjoint representation where ftcsB vanishes. In the SU(3) cranking 
scheme described in the previous sections, the magnetic moment operators 
/i' are then given by and (|3.9| ) and the tensor product of the Wigner D 
functions in /t^^^ can be decomposed into a sum of the single D functions 
to yield the isovector and isoscalar parts as below 

P'i^L = ^(-^^8. + ^^8T) + Q(-^^|-^^8T). (4.1) 

Here one notes that, to conserve the hermitian property of the magnetic 
moment operator, 10 and 10 IRs appear together in the isovector channel of 
the baryon octet as discussed in the previous section while the 1, 10 and 10 
IRs do not take place in the decuplet baryons. 

With respect to the decuplet baryon wave function $^ in ( |2.33| ) the mag- 
netic moment operator /i* has the spectrum for the decuplet in the adjoint 
representation 

= 21^+168^ 

uv*o = — P y 

84 84 

1 . . l/«r 1 17^ 13 ^ 

Us*- = M--{M ^M') V + Q 

^ 16 4^ 2^3 84 168 

1 ^ 17 ^ 
= -42^-1682 
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- -l^-^->-5^^''-|^-42. (4.2) 

In the SU(3) flavor symmetric limit with the chiral symmetry breaking 
masses = = m^, m^- = itIt, and decay constants fx = fw, the 



magnetic moments of the decuplet baryons are simply given by |189 



/^B = QeaA^M + \iAf- ^AT')) (4.3) 

where Qem is the EM charge. Here one remembers that for the case of the 
CBM in the adjoint representation, the prediction of the baryon magnetic 
moments with the chiral symmetry is the same as that with the SU(3) flavor 
symmetry since the mass-dependent term in Ccsb and Cfsb do not yield 
any contribution to JpsB that there is no terms with V and Q in ( [4.2|) . 

Due to the degenerate d- and s-flavor charges in the SU(3) EM charge 
operator Qeai, the CBM possesses the generalized U-spin symmetry rela- 
tions in the baryon decuplet magnetic moments, similar to those in the octet 
baryons (p.3|), 

/^A+ = /iS*+ (4.4) 

which will be shown to be shared with the naive NRQM, to support the 
effective NRQM conjecture of the CBM. 

Since the SU(3) FSB quark masses do not affect the magnetic moments 
of the baryon decuplet in the adjoint representation of the CBM, in the more 
general SU(3) flavor symmetry broken case with = ^ rus, 7^ rriK 
and /tt fx, the decuplet baryon magnetic moments with V and Q satisfy 
the other sum rules ||38| 



1 

AiE*o = -(/iE*+ +/^s-) (4.5) 

fJ-A- + I^A++ = yUAO + I^A+ (4.6) 

E f^B = 0. (4.7) 

BSdecuplet 

Here one notes that the E* hyperons satisfy the identity /is* (-^3) = /is*o + 
Is A/is*, where A/xs* = j^M + ^AA') + - ^Q, such that /is*+ + 
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/is*- is independent of I3 as in ( |4.5| ). For the A baryons one can formulate the 
relation ^Aih) = fi% + hAfiA with /i^ = ^-M + |(7V- ^A/"') + in Q 
and A/iA = -^M + ^(A/" - ^A/"') + - j^Q, so that A baryons can be 
easily seen to fulfill the sum rule ( [4.6| ). Also the summation of the magnetic 
moments over all the decuplet baryons vanish to yield the model independent 
relation ( [4.7| ). Also the summation of the magnetic moments over all the 
decuplet baryons vanishes to yield the model independent relation, namely 
the third sum rule in ( |4.7| ), since there is no SU(3) singlet contribution to 
the magnetic moments as in the baryon octet magnetic moments. 

In the SU(3) flavor symmetry broken case, by using the projection oper- 
ators in ( p.l4| ) we can decompose the EM currents into three flavor pieces 
to obtain the baryon decuplet magnetic moments in the u-fiavor channels of 
the adjoint representation 

/iS = —M--{M-^U')-—V-—Q. (4.8) 
24 6^ 2^3 14 28 ^ ^ 

Similarly the baryon decuplet magnetic moments in the s-flavor channels 
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are given as follows 



(s) 

/^A = 




is) 
fiy = 




is) 
fill = 




is) 

f^h = 





1 9 



2V3 ' 21 168 



126 ■ 

2v^ ^21 84^ 
^ zATO-^P-T^Q. (4.9) 



2v^ '14 28 

In general all the baryon magnetic moments in the CBM also satisfy 
the model-independent relations in the u- and d-flavor components and the 
I-spin symmetry in the s- flavor channel of (|3.2CI|) , as shown in ( [4 .81) and 



([4.9| ). Moreover one notes that the relations ( |3.20|) are satisfied even in the 
multiquark decay constants 7^ Jk do not affect the relations (|3.20|) in the 



u- and d-fiavor channel without any strangeness and in the s-fiavor channel 
with the same strangeness. 



4.2 Multiquark structure 

Until now we have considered the CBM in the adjoint representation where 
the U-spin symmetry is broken only through the magnetic moment opera- 
tors induced by the symmetry breaking derivative term. To take into 
account the missing chiral symmetry breaking mass effect from Ccsb and 
CpsB, in this section we will treat nonperturbatively the symmetry break- 
ing mass terms via the higher dimensional IR channels where the CBM can 
be handled in the Yabu-Ando scheme with the higher IR mixing in the 



baryon wave function to yield the minimal multiquark structure with meson 
cloud inside the bag. 

The possible SU(3) representations of the minimal multiquark Fock space 
are restricted by the Clebsch-Gordan series 10 ©27 ©35 for the baryon decu- 
plet with Yr = 1 and </ = | through the decomposition of the tensor product 
of the two IRs in the qqqqq so that the representation mixing coefficients in 
the eigenstate \B) = J2x Cx\B)^ can be determined by diagonalizing the 3x3 
Hamiltonian matrix hsB given by ( p.23| ). 



Here one should note that in the Yabu-Ando approach the meson cloud, 
or qq content with all the possible flavor combinations to construct the pseu- 
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Table 3: The baryon decuplet magnetic moments of the CBM in the U- 
spin symmetry broken case [38| compared with the naive NRQM and the 
experimental data * 



R 






/iAO 




/iS*+ 


/iS*o 


/is*- 


/i=.o 


/iH*- 




0.00 


2.81 


1.22 


-0.38 


-1.97 


1.64 


-0.17 


-1.88 


0.14 


-1.72 


-1.45 


0.10 


2.87 


1.23 


-0.40 


-2.03 


1.70 


-0.18 


-1.94 


0.17 


-1.77 


-1.47 


0.20 


3.05 


1.30 


-0.45 


-2.20 


1.87 


-0.20 


-2.10 


0.22 


-1.90 


-1.54 


0.30 


3.24 


1.38 


-0.49 


-2.36 


2.04 


-0.21 


-2.26 


0.28 


-2.04 


-1.61 


0.40 


3.30 


1.40 


-0.50 


-2.40 


2.11 


-0.21 


-2.31 


0.30 


-2.09 


-1.62 


0.50 


3.43 


1.46 


-0.52 


-2.49 


2.23 


-0.21 


-2.40 


0.34 


-2.17 


-1.66 


0.60 


3.58 


1.52 


-0.53 


-2.59 


2.39 


-0.21 


-2.50 


0.40 


-2.27 


-1.70 


0.70 


3.71 


1.59 


-0.54 


-2.67 


2.55 


-0.19 


-2.58 


0.46 


-2.34 


-1.72 


0.80 


3.79 


1.63 


-0.53 


-2.69 


2.67 


-0.17 


-2.60 


0.51 


-2.36 


-1.70 


0.90 


3.81 


1.65 


-0.52 


-2.68 


2.74 


-0.14 


-2.58 


0.56 


-2.33 


-1.65 


1.00 


3.78 


1.65 


-0.49 


-2.63 


2.78 


-0.11 


-2.52 


0.60 


-2.26 


-1.57 


naive 


5.58 


2.79 


0.00 


-2.79 


3.11 


0.32 


-2.47 


0.64 


-2.15 


-1.83 



* For the experimental data /i^T+ = 4.52±0.50 and /i^^T = -1.94±0.17±0.14 
we have referred to the Ref. |187| and Ref. |188|, respectively. 



doscalar mesons inside the bag through the channel of qqqqq multiquark 
Fock space, contributes to the baryon decuplet magnetic moments since the 
baryon wave functions in the multiquark scheme of the CBM act nonpertur- 
batively on the magnetic moment operators with both the quark and meson 
phase pieces in their inertia parameters. 

The U-spin symmetry breaking effect shown in Figure |^ through the ex- 
phcit operator fi^p'sB multiquark structure yields meson cloud con- 

tributions to the baryon decuplet magnetic moments, comparable to those 
in the naive NRQM. The vertical lines show that even though nature does 
not preserve the perfect Cheshire catness |]7D|, ^ at least in the SU(3) 



CBM, the model could be considered to be a good candidate which unifies 
the MIT bag and Skyrmion models with predictions almost independent of 
the bag radius. One can also easily see in Figure ^ that the full symme- 
try breaking effects induce the magnetic moments of the baryon decuplet 
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Figure 2: Baryon decuplet magnetic moments. The effective NRQM results 
with bag radius 0.0 fm < i? < 1.0 fm in the [/-spin symmetric (thin vertical 
lines) and symmetry broken (thick vertical lines) cases are compared with 
the naive NRQM (thick lines) and the experimental data (thin vertical lines 
with a cross). 



to pull the U-spin symmetric predictions back to the experimental data. In 
Table ^, the SU(3) CBM predictions in the SU(3) symmetry breaking case in 
the multiquark structure are explicitly listed to be compared with the naive 
NRQM and the experimental data. For the known experimental data we 
obtain z/^''7+ = (1.01 — 1.37)/ip to be compared with the experimental value 
= (1-62 ± 0.18)/ip [|183] and the naive NRQM prediction /i^,'?^ = 2/ip. 
Since the fiQ- could be dominantly achieved from the strange quark and 
kaon whose masses are kept in our massless chiral angle approximation, the 
prediction ^q- = —(1.45 — 1.72) n.m. in the CBM seems to be fairly well 
consistent with the experimental data /i^^i' = — (1.94±0.17±0.14) n.m. [ |188 
and the naive NRQM prediction = —1.83 n.m.. 

Since the Hamiltonian hsB has eigenstates degenerate with the isomulti- 



42 



Table 4: The strange flavor baryon decuplet magnetic moments in the naive 
and CBM ||] 



R 




is) 


(s) 


is) 


0.00 


0.31 


-0.21 


-0.64 


-1.08 


0.10 


0.31 


-0.22 


-0.65 


-1.09 


0.20 


0.33 


-0.22 


-0.67 


-1.14 


0.30 


0.34 


-0.22 


-0.70 


-1.18 


0.40 


0.35 


-0.22 


-0.70 


-1.19 


0.50 


0.37 


-0.21 


-0.72 


-1.22 


0.60 


0.39 


-0.21 


-0.73 


-1.25 


0.70 


0.41 


-0.20 


-0.74 


-1.26 


0.80 


0.44 


-0.19 


-0.74 


-1.26 


0.90 


0.46 


-0.18 


-0.74 


-1.25 


1.00 


0.48 


-0.18 


-0.73 


-1.22 


naive 


0.00 


-0.61 


-1.22 


-1.83 



plets in our approximation, where the I-spin symmetry breaking light quark 
masses are neglected so that the relations ( |3.20| ) are derived in the same 



strangeness sector, the multiquark structure in the q-flavor channels con- 
serves the I-spin symmetry and model-independent relations ( [3.201 ). The 



s-flavor magnetic moments /i^^ in Table ^ reveal the stronger Cheshire cat- 
ness than in fis and the pretty good consistency with the naive NRQM. 

In Figure ^ and Table |^, the meson cloud contributions to the magnetic 
moments in the SU(3) effective NRQM are obtained with respect to the naive 
NRQM and experimental values. With the help of the naive NRQM data, 
one could also easily see the meson cloud contributions, which are originated 
from the qq content and strange quarks inside the bag, as well as the massive 
kaons outside the bag. 



SAMPLE experiment and baryon strange 
form factors 
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5.1 SAMPLE experiment and proton strange form fac- 
tor 



In this section, we consider the SAMPLE experiment and the correspond- 
ing theoretical paradigms in the chiral models to connect the chiral model 
predictions with the recent experimental data for the proton strange form 
factor. As discussed in Introduction, there have been lots of theoretical pre- 
dictions with varied values for the SAMPLE experimental results associated 
with the proton strange form factor through parity violating electron scatter- 
ing. Especially the positive value of the proton strange form factor predicted 
in the framework of the CBM is quite comparable to the recent SAMPLE 
experimental data. 

The SAMPLE experiment was performed at the MIT/Bates Linear Accel- 
erator Center using a 200 MeV polarized electron beam incident on a liquid 
hydrogen target. The scattered electrons were detected in a large solid angle 
(~ 1.5 sr) air Cerenkov detector at backward angles 130° < 6 < 170°. The 
parity-violating asymmetry A was determined from the asymmetries in ra- 
tios of integrated detector signal to beam intensity for left- and right-handed 
beam pulses. (For details of the SAMPLE experiment see Refs. 



On the other hand, there have been considerable discussions concern- 
ing the strangeness in hadron physics. Beginning with Kaplan and Nelson's 



work on the charged kaon condensation the theory of condensation in 
dense matter has become one of the central issues in nuclear physics and as- 
trophysics together with the supernova collapse. The K~ condensation at a 
few times nuclear matter density was later interpreted ||192|| in terms of clean- 
ing of qq condensates from the quantum chromodynamics (QCD) vacuum by 
a dense nuclear matter and also was further theoretically investigated in 
chiral phase transition. 

Now, the internal structure of the nucleon is still a subject of great inter- 



est to experimentalists as well as theorists. In 1933, Frisch and Stern [|193 
performed the first measurement of the magnetic moment of the proton and 
obtained the earliest experimental evidence for the internal structure of the 
nucleon. However, it wasn't until 40 years later that the quark structure of 
the nucleon was directly observed in deep inelastic electron scattering exper- 
iments. The development of QCD followed soon thereafter, and is now the 
accepted theory of the strong interactions governing the behavior of quarks 
and gluons associated with hadronic structure. Nevertheless, we still lack 
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a quantitative theoretical understanding of these properties (including the 
magnetic moments) and additional experimental information is crucial in 
our effort to understand the internal structure of the nucleons. For exam- 
ple, a satisfactory quantitative understanding of the magnetic moment of 
the proton has still not been achieved, now more than 60 years after the first 
measurement was performed. 

Quite recently, the SAMPLE experiment |P, ^ reported the proton's neu- 
tral weak magnetic form factor, which has been suggested by the neutral weak 
magnetic moment measurement through parity violating electron scattering]^, 
^. Moreover, McKeown ||194|| has shown that the strange form factor of pro- 
ton should be positive by using the conjecture that the up-quark effects are 
generally dominant in the flavor dependence of the nucleon properties. In 
fact, at a small momentum transfer = 0.1 (GeV/c)^, the SAMPLE Col- 
laboration obtained the positive experimental data for the proton strange 
magnetic form factor pi ffl 



G'^(g2 = 0.1(GeV/c)^) = +0.14 ± 0.29 (stat) ± 0.31 (sys). 



(5.1) 



This positive experimental value is contrary to the negative values of the pro- 
ton strange form factor which result from most of the model calculations P, 
|, |TU], [TT], 0, ig, 0, |T31 |TB|, [T^, |TH|, |T|, 0, 0, ^ except those of Hong, Park 
and Min |3], |5[ based on the SU(3) chiral bag model (CBM) [||, 0, P 



and the recent predictions of the chiral quark soliton model |^ and the 
heavy baryon chiral perturbation theory ||4^, |4^. Recently the anapole mo- 
ment effects associated with the parity violating electron scattering have been 
intensively studied to yield more theoretical predictions ^ . 

(For details of the anapole effects for instance see Ref. ||50|.) Through further 
investigations including gluon effects, one can also obtain somehow realistic 
predictions for the proton strange form factor. 

On the other hand, a number of parity-violating electron scattering ex- 
periments such as the SAMPLE experiment associated with a second deu- 
terium measurement | |195| |, the HAPPEX experiment ||196| | , the PVA4 ex- 



periment ||197|| , the GO experiment ||198|| and other recently approved parity 
violating measurements ||199| , |200|| at the Jefferson Laboratory, are planned 
for the near future. (For details of the future experiments, see Ref [pO|.) 



Now we consider the form factors of the baryon octet with internal struc- 
ture. If a particle is point-like, with no internal structure due to interactions 
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Table 5: Electroweak quark couplings 
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Flavor 
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— 1 sin^ 6iv 
+ 1 sin^ 9w 
+ 1 sin^ 


1 

4 
1 

! 

4 



other than EM, the photon couples to the EM current 

\> = '^uYu - ^d^^d - ^S7^s (5.2) 

and according to the Feynman rules the matrix element of VJ^ for the particle 
with transition from momentum state p to momentum state p + q is given by 

{p + q\V^^\p) = u{p + q)Yu{p) (5.3) 

where u{p) is the spinor for the particle states. However if the particle has 
the internal structure caused by other interaction not given by QED, the 
Feynman rules cannot yield the explicit coupling of the particle to an exter- 
nal or internal photon line. The standard electroweak model couplings to the 
up, down and strange quarks are listed in Table ^ The baryons are definitely 
extended objects with internal structure, for which the coupling constant can 
be described in terms of form factors which are real Lorentz scalar functions 
associated with the internal structure and fixed by the properties of the EM 
currents such as current conservation, covariance under Lorentz transforma- 
tions and hermiticity. The above matrix element is then generalized to have 
covariant decomposition 

{p + q\Vj;\p) =u{p + q) 

where q is the momentum transfer and a^''' = ^{'J^'j'^ — '-y^'-y^) and Mb is the 
baryon mass and and F2 are the Dirac and Pauli EM form factors, which 



F2{q')r + 



2M 



cr'-'q. 



u{p) (5.4) 
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are Lorentz scalars and = {p + qY = shell so that they depend 

only on the Lorentz scalar variable q^. 

With these form factors, the differential cross section in the laboratory 
system for electron scattering on the baryon is given as 

da_ _ /ay cos^(g/2) 1 

lin ~ \2EJ sin^(^/2) 1 + 2{E/mB) sm'^{e/2) 

■ - -^F'it) - ^{F,{t) + F,{t)r tan\e/2)^ (5.5) 

where a is the fine structure constant and E and 6 are the energy and scat- 
tering angle of the electron and t = is the Mandelstam variable. In order 
to see the physical interpretation of these EM form factors, it is convenient to 
consider the matrix element ( p.4| ) in the reference frame with p+ (p + q) = 
where one can have the rest frame in the vanishing limit. In this rest 
frame of the baryon , we can associate the EM form factors at zero momen- 
tum transfer, -Fi(O) and ^2(0), with the static properties of the baryon such 
as electric charge, magnetic moment and charge radius. 

Next, we will also use the Sachs form factors, which are linear combina- 
tions of the Dirac and Pauli form factors 

Ge = F,-tF2 

Gm = F1 + F2 (5.6) 



where r = > 0. 

The quark flavor structure of the form factors can be revealed by writing 
the matrix elements of individual quark currents in terms of form factors 



(p+g|g-^7'^g-^|p) = u{p+q) 



FUq'h' + j^FUq'K'q. 



u{p) ; (/ = u,d,s) 



(5.7) 

which defines the form factors F/ and F2 ■ Then using definitions analogous 
to Eq. ( ^.6| ), we can write 

2 1 1 

\J rp — — Ltc' — — — — Ltc' 10. OI 

with a similar expression for G]^. 
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The neutral weak current operator is given by an expression analogous 
to Eq. (^.21) but with different coefficients: 



= i\-l sin' ew)uYu + l sin' OwWd + l sin' 9^)3^3 • 

(5.9) 

Here the coefficients depend on the weak mixing angle, which has recently 
been determined ||186|| with high precision: sin' 9]y = 0.2315 ± 0.0004 . In 



direct analogy to Eq. (|5.8| ), we have expressions for the neutral weak form 



factors and Gf^ in terms of the different quark flavor components 
GIm = (^-^sin'^H/)G'^,Af+(-^ + ^sin'^H^)G^^^,+(-^ + ^sin'^H/)G|;,jv,. 



(5.10) 

An important point is that the form factors G{j j^,^ (/ = m, c?, s) appearing in 
this expression are exactly the same as those in the EM form factors, as in 
Eq. (113). 

Utilizing isospin symmetry, one then can eliminate the up and down quark 
contributions to the neutral weak form factors by using the proton and neu- 
tron EM form factors and obtain the expressions 

This result shows how the neutral weak form factors are related to the EM 
form factors plus a contribution from the strange (electric or magnetic) form 
factor. Thus measurement of the neutral weak form factor will allow (after 
combination with the EM form factors) determination of the strange form 
factor of interest. It should be mentioned that there are electroweak radiative 
corrections to the coefficients in Eq. (|5.10| ) due to processes such as those 
shown in Figure |^. These are generally small corrections, of order 1-2%, and 
can be reliably calculated ||201| , |202|| . 

The EM form factors present in Eq. ( |5.11D are very accurately known 



(1-2 %) for the proton in the momentum transfer region Q < 1 (GeV/c)' 
The neutron form factors are not known as accurately as the proton form 
factors (the electric form factor G% is at present rather poorly constrained by 
experiment), although considerable work to improve our knowledge of these 
quantities is in progress. Thus, the present lack of knowledge of the neutron 
form factors will not significantly hinder the interpretation of the neutral 
weak form factors. 
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Figure 3: Examples of amplitudes contributing to electroweak radiative cor- 
rections to the coefficients in Eq. ( ^.lOj ). 



The properties of the Sachs form factors Ge and Gm near = are 
of particular interest in that they represent static physical properties of the 
baryon. Namely, at zero momentum transfer, one can have the relations 
between the EM form factors and the static physical quantities of the baryon 
octet, namely G_e(0) = Q and Gm{0) = fi where Q and /i are nothing but 
the electric charge and magnetic moment operators of the baryon. The -^2(0) 
is thus interpreted as the anomalous magnetic moments of the baryon octet 
^-^ = lj- Q. 

In the strange flavor sector, the fractional EM charge of the baryon can 
be obtained from the strange flavor fractional EM charges in the baryon to 
yield Q% = 0, Qa = Qh — ~l Qb. ~ ~h '^^^ strange flavor anomalous 
magnetic moments degenerate in isomultiplets can then be easily given by 
— so that the strange form factors at zero momentum transfer 
defined as = — can be calculated to yield 

F^siO) = Gl,{0) - GUO) (5.12) 

Since the nucleon has no net strangeness, we find G%{0) = 0. However, one 
can express the slope of G% at = in the usual fashion in terms of a 
"strangeness radius" 



r? = -6 



dG%/dQ'\^^^^. (5.13) 



Now we consider the parity-violating asymmetry for elastic scattering 
of right- vs. left-handed electrons from nucleons at backward scattering an- 
gles, which is quite sensitive to Gfj as discussed in Ref. [|], |203| , P04|| . The 



SAMPLE experiment measured the parity- violating asymmetry in the elastic 
scattering of 200 MeV polarized electrons at backward angles with an average 
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Q2 ~ 0.1(GeV/c)2. For Glj = 0, the expected asymmetry in the SAMPLE 
experiment is about —7 x 10~^ or —7 ppm, and the asymmetry depends hn- 
early on G%j. The neutral weak axial form factor contributes about 20% 
to the asymmetry in the SAMPLE experiment. In parity- violating electron 
scattering Gj^ is modified by a substantial electroweak radiative correction. 
The corrections were estimated in ||201| , |202|| , but there is considerable un- 



certainty in the calculations. The uncertainty in these radiative corrections 
substantially limits the ability to determine G%,j, as will be discussed below. 
The elastic scattering asymmetry for the proton is measured to yield 

^ = -4.92 ±0.61 ±0.73 ppm (5.14) 

where the first uncertainty is statistical and the second is the estimated 
systematic error. This value is in good agreement with the previous reported 



measurement ||191 



On the other hand, the quantities for the proton can be determined 

via elastic parity- violating electron scattering 0. The difference in cross 
sections for right and left handed incident electrons arises from interference 
of the EM and neutral weak amplitudes, and so contains products of EM 
and neutral weak form factors. At the mean kinematics of the experiment 
(Q^ = 0.1 (GeV/c)^ and 6 = 146.1°), the theoretical asymmetry for elastic 
scattering from the proton is given by 

A = (-5.72 ± 3.49 G'^ + 1-55 ^^(T = 1)) ppm, (5.15) 

where 

G\ = G^^ + r]FA + R', (5.16) 

where is the contribution from a single Z-exchange, as would be measured 
in neutrino-proton elastic scattering, given as 

= -(1 ± R\)Ga + R'a + G\, (5.17) 

and Ti = 1 ^7^^ = 3.45 with the fine-structure constant a, and Fa is 
the nucleon anapole moment [ p^05|| and is a radiative correction. Here 
Ga is the charged current nucleon form factor: we use Ga = G'a(0)/(1 + 
^)2, with Ga(0) = -(gA/gv) = 1-267 ± 0.035 118| and Ma = 1.061 ± 

?o,i 



0.026 (GeV/c) |206[. G'a{Q^ = 0) = As = -0.12 ± 0.03 [gO^], and R'^ 
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are the isoscalar and isovector axial radiative corrections. The radiative 
corrections were estimated by Ref. ||201|| to be R\ = —0.34 and = —0.12, 
but with nearly 100% uncertainty.]] 

For the case of a deuterium target, a separate measurement was per- 
formed with the same apparatus, where both elastic and quasi-elastic scat- 
tering from the deuteron were measured due to the large energy acceptance 
of the detector. Based on the appropriate fractions of the yield, the elastic 
scattering and threshold electrodisintegration contributions were estimated 
to change the measured asymmetry by only about 1%. The asymmetry for 
the deuterium is measured to yield 

A = -6.79 ±0.64 ±0.51 ppm. (5.18) 

On the other hand, the theoretical asymmetry for the deuterium is given by 

A = (-7.27 ± 0.75 GIj + 1.78 G^(T = 1)) ppm. (5.19) 

Note that in this case the expected asymmetry is — 8.8ppm again assuming 
zero strange quark contribution and the axial corrections of Ref. p08| . 



Combining this measurement with the previously reported hydrogen asym- 
metry 0] and with the expressions in Eqs. ( p.l5| ) and ( |5.19|) leads to the two 
sets of diagonal bans in Figure ^ The inner portion of each band corresponds 
to the statistical error, and the outer portion corresponds to statistical and 
systematic errors combined in quadrature. The best experimental value for 
the strange magnetic form factor is given by ( [5.1| ). 

As noted in recent papers ||209| , piO|| most model calculations tend to 
produce negative values of G%f{0), typically about —0.3. A recent calculation 
using lattice QCD techniques (in the quenched approximation) reports a 
result G%j{0) = —0.36 ± 0.20 [ |210| |. A recent study using a constrained 



Skyrme-model Hamiltonian that fits the baryon magnetic moments yields a 
positive value of G%j{0) = ±0.37 H. 



5.2 Strange form factors of baryons in chiral models 

In this section we will revisit the symmetry breaking mass effects to investi- 
gate the V-spin symmetric Coleman-Glashow sum rules |25] in the framework 

"^The notation used here is = (1/2)(3F - D)R'^=°, where ViR^=" = -0.62 in 
Ref. pOl 
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G/ (T = l) 



Figure 4: A result of a combined analysis of the data from the two SAMPLE 
measurements. The two error bands from the hydrogen experiment and 
the deuterium experiment are indicated. The inner hatched region includes 
the statistical error and the outer represents the systematic uncertainty added 
in quadrature. The ellipse represents the allowed region for both form factors 
at the la level. Also plotted is the estimate of the isovector axial e — N form 
factor {T = 1), obtained by using the anapole form factor and radiative 
corrections of Zhu et al. |p08| . 
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of the perturbative scheme, where the representation mixing coefficients can 
be obtained in the quantum mechanical perturbation theory, differently from 
the Yabu-Ando approach discussed in the previous section with the direct 
diagonalizat ion . 

In the perturbative method, the Hamiltonian is split up into H = Hq + 
HsB where Hq is the SU(3) flavor symmetric part given by (|2.41|) and the 
symmetry breaking part is described by 

HsB = m{l - Dis) (5.20) 



with m the inertia parameter corresponding to u of (|3.24|) in the Yabu-Ando 



method where the Hamiltonian has been divided into the representation in- 
dependent and dependent parts. 

Provided one includes the representation mixing as in the previous sec- 
tion, the baryon wave function is described in terms of the higher represen- 
tation 

\B) = \B)' - CE,\Bf' - C^,\B)'' (5.21) 
where the representation mixing coefficients are explicitly calculated as 

Cf = ^-MM^h (5.22) 

J^X — ^8 

with the eigenvalues Ex and eigenf unctions |-B)'^ = $^ | intrinsic) of the 
equation Hq\B)'^ = Ex\B)'^. Here is the collective wavefunction discussed 
above and the intrinsic state degenerate to all the baryons is described by a 
Fock state of the quark operator and the classical meson configuration. 

Using the octet wavefunctions with the higher representation mixing co- 
efficients (|5.22|) , the additional hyperfine structure of the magnetic moment 



spectrum in the quantum mechanical perturbative scheme is given by 

A=ro,27 " ^8 



up to the ffist order of m, the strength of the symmetry breaking in (|5.2CI|) . 



It is interesting here to note that one has the off-diagonal matrix elements 
of the magnetic moment operators /t* with higher representations 10 and 
27, differently from the diagonal matrix elements of the chiral symmetric 
magnetic moments in the section 3.1. This fact is presumably related to the 
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existence of exotic states ||211|| belonging to 10 and 27, which decay to the 
initial states in 8 through the channel of the operator D^^ related to the 
symmetry breaking mass effects. 

One can then obtain the V-spin symmetry relations in the perturbative 
corrections of the octet magnetic moments 

5ii^ = mU^M + - 2Ar')) 

S7 7 17 

where the operator fips^ is neglected due to its small contributions. 

Here one notes that the above V-spin symmetric relations come from 
the SU(3) group theoretical fact that the matrix elements of the operators 
in ( p.23| ), such as (Sl^^g + ^Dfg|A) (Al^fglS), have degeneracy for the V- 
spin multiplets {p, (n, S~) and E"*") as in the U-spin symmetry 

of the section 3.1. Also as in the Yabu-Ando approach since the baryon 
wavefunctions in the multiquark structure of the CBM act on the magnetic 
moment operators with the quark and meson phase contributions in their 
inertia parameters, one could have the meson cloud content in the qqqqq 
multiquark Fock subspace of the chiral bag. 

Now we consider the form factors of the baryon octet with internal struc- 
ture in the framework of the CBM. The baryons in the CBM are definitely 
extended objects with internal structure characterized by the bag radius and 
dressed by the meson cloud. As discussed before, the -^2(0) is interpreted as 
the anomalous magnetic moments of the baryon octet yu"" = fi — Q whose 
numerical values can be easily obtained from Table ^ by subtracting the 
corresponding electric charges. Here one should note that the EM currents 



Jem obtainable from (2^) are conserved as mentioned before and the charge 
density operator is a constant of motion so that the EM charge operator can 
be quantized in a conventional way even though the EM charge density is 
modified due to the derivative dependent symmetry breaking terms. 
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Table 6: The strange form factors of baryon octet 
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^2N 


^2A 




^2T. 
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Fit 


0.16 


0.28 


-0.07 


0.37 


1.37 


1.22 


-0.99 


0.26 


CBM 


-0.19 


-0.12 


0.61 


0.30 


0.49 


0.25 


-1.54 


-0.67 


SM 


-0.13 


-0.09 


0.20 


-0.02 


0.51 


0.09 


-1.74 


-0.67 



In the strange flavor sector, the strange form factors at zero momentum 
transfer can be calculated from Eqs. ( p.l8|) and (|5.12| ) to yield 



Fi?(0) 



-3^i^) 



1, 

2. 



(5.25) 



Note that the I-spin symmetric relation in Eq. ( |3.19| ) can be expressed in a 
simpler form as 

^(«)rn^ — fn\ (5.26) 



Km- 



Now the baryon octet strange form factors in Eq. ( [5.25| ) can be explicitly 
splitted into three pieces as follows 



= fS'°(^, AT, AT') + Fii'\v, Q) + 5F!,i\mI, 



(5.27) 



In the adjoint representation, one can obtain the CS and explicit current 
FSB contributions to the strange form factors 



and 



2N 
2 A 



^23 



2S 



2N 



±'P 

15 ' 



^2A 
^2T. 



T-oQ 



45 18 ^ 



(5.28) 
(5.29) 
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Treated in the quantum mechanical perturbative scheme of the previous sec- 
tion, the representation mixing coefficients from the multiquark structure 
can be exphcitly given as 



43 , , 38 26 

M H Af . 

750 1125 1125 



2^ ^ 250 125 125 ' 

sF^t^'^ = mI2(-—M-—^^+—^^') 

2" 125 375 375 ' 

SF^j'^ = ml2(-—M + —M-^Af'). (5.30) 
2^ ^ 750 375 1125 ' ^ ' 

Next using the flavor singlet vector currents Jy°, which can be constructed 



by replacing Qa by 1 in (2^), instead of the EM currents in the matrix 



element ( |5.4| ) we can also obtain the flavor singlet form factors |^ 

F° = \m-1 (5.31) 

which are degenerate with all the baryon octet even in the multiquark struc- 
ture regardless of whether one uses the Yabu-Ando or perturbative methods. 

In Table ^ one can acquire the numerical values for the strange form 
factors and flavor singlet form factors. 



6 Unification of chiral bag model with other 
models 

6.1 Connection to naive nonrelativistic quark model 

Until now we have considered the static properties such as the magnetic 
moments and form factors of the baryon octet in the CBM which unifies 
the MIT bag and Skyrmion models with the bag radius parameter. In this 
section we will relate the CBM with the naive NRQM by investigating the 
model-independent sum rules in the magnetic moments, which have been 
already derived in the CBM in the previous sections for the baryon octet 
and decuplet to have a clue for the unification of the naive NRQM into the 
CBM. 
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In the naive NRQM, the wave function of a baryon consists of several 
degrees of freedom ||212|| 

'^(baryon) = '?/'(space)'?/'(spin)'?/;(flavor)'?/'(color) (6-1) 

where the spatial wave function is symmetric in the ground state, and the 
spin state can either be completely symmetric ( J = |) or of mixed symmetry 
(J = i), and there are 3^ flavor combinations which can be reshuffled into 
irreducible representations of SU(3)0, and the color wave function is anti- 
symmetric and degenerate to all the baryons since every naturally occurring 
baryon is a color singlet, and the full baryon wave function is antisymmetric 
under the interchange of any two quarks. 

The baryon octet wave function is then constructed by the nontrivial 
spin/flavor wave function of the form 

\/2 

'?/' (baryon octet) = (■?/'i2(spin)'?/'i2 (flavor) + two other terms) (6.2) 

3 

where ipijlspin) and ■i/'jj (flavor) are the states with mixed symmetry such that 
their product is completely symmetric in quarks i and j. Since each quark has 
the intrinsic spin in itself the baryon magnetic moments in the naive NRQM 
are obtained by linearly adding the magnetic angular momentum quantum 
number of the wave function. The baryon octet magnetic moments and the 
AS° transition matrix element can then be constructed in terms of linear 
vector sum of the three constituent quark magnetic moments fj,q (q=u,d,s) 





^(4/i„ -/irf). 


fJ'n = ^(~/^« + 4/id) 


AiE- = 


-(4/irf-/i,), 


1 , 


/^s+ = 


1 , 

-(4/i„ - fXs), 


/is- = ^(-/id + 4/is). 


H^o = 


^(-/x„ + 4/i,). 






^{-4:fiu - /id), 





(6.3) 



^In terms of group theory, the combination of three quark flavors yield a decuplet, a 
singlet and two octets since the direct product of three fundamental representations of 
SU(3) decomposes according to the Clebsch-Gordan series 3(g)3(g)3 = l©8©8© 10. 
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where /ig = QqirriN /mq) in unit of nuclear magnetons {=eh/2mNc) with rriq 
the q-flavor quark mass and m^v the nucleon mass. Here one notes that due 
to fid = —2 one has the ratio /ip = — | comparable to the experimental 
value —0.69 and the CBM prediction — | in the leading order of Nc- 

Since the d- and s-fiavor charges are degenerate in the SU(3) EM charge 
operator Qemi the baryon magnetic moments in the SU(3) flavor symmetric 
limit with the chiral symmetry breaking masses = rrid = rUs satisfy the U- 
spin symmetric Coleman- Glashow sum rules in the naive NRQM, the analogy 
of the U-spin symmetry relations (|3.3|) in the CBM 

rriN 



/is- = /is- 



2 rriN 



3 rriu 
1 rriisr 

3 m,„. 



1 m-Tv 

yUso = -/^A = o (6-4) 

and the other Coleman- Glashow sum rule ( p.5|) for the summation of the 
magnetic moments over all the octet baryons. The naive NRQM also predicts 
the other sum rules ( p.7|) and the relations of the hyperon and transition 
magnetic moments in terms of the nucleon magnetic moments (|3.8|) in the 
CBM. 

Using the projection operators (|3.14| ) one can easily see that the nucleon 



magnetic moments in the u-flavor channel of the naive NRQM are given by 
/ip"^ = ^Qui'mN/fnu) and /i^"^ = —^Qui'nT'N/'mu), and the d-flavor compo- 
nents of nucleon magnetic moments are given by ( ^.20| ) as in the CBM, but 
/i^^ = due to the absence of the strange quarks in the nucleon of the naive 
NRQM. In general, one can easily see that the SU(3) flavor components 
of hyperon magnetic moments also satisfy the identities ( |3.20D in the naive 
NRQM. 

In the more general SU(3) flavor symmetry breaking case with rriu = 
rrid 7^ Us one can easily see that the baryon octet magnetic moments fulflU 
the Coleman-Glashow sum rule ( ^^) , since + /^s- is independent of the 
third component of the isospin, and the last model-independent relation in 
( |3.8|) and the identities in (|3.2CI|) hold since they are the relations derived in 
the same strangeness sector. 
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Together with the above model-independent Coleman- Glashow sum rules 
shared by two models, the CBM predictions propose the unification of the 
naive NRQM and the CBM which has the meson cloud, around the quarks 
of the naive NRQM, located both in the quark and meson phases. In other 
words, the CBM can be phenomenologically proposed as an effective NRQM 
in the adjoint representation and model-independent relations and Cheshire 
cat properties are shown to support the effective NRQM conjecture with 
meson cloud. 

In Table 2 the SU(2) CBM predictions ||2^ are explicitly listed to be 



compared with the naive NRQM and SU(3) CBM so that the pure kaon 
contributions to the baryon magnetic moments can be explicitly calculated 
with respect to the naive NRQM. 

Next starting with the symmetric spin configuration in the ground state 
with symmetric iplspace) one can have the spin-| baryon decuplet wave func- 
tion in the naive NRQM with the symmetric flavor state to yield 

ipiharjon decuplet) = '?/'s(spin)'i/'s (flavor). (6.5) 

In the naive NRQM the baryon magnetic moments are then obtained as 
the linear sum of the three constituent quark magnetic moments, similarly 
to 





= 3yUd, yUAO 






= + fid, 


fiA++ = 3/i«, 




= '^l^u + yUs, 






-|- /i^. 






= flu + 


fJ'U' = 3/is. 



(6.6) 

In the SU(3) flavor symmetric limit with the chiral symmetry breaking 
masses rriu = rud = rris, the decuplet baryons with the EM charge Qem are 
described by [|189| 

AiB = Qem (6.7) 



and satisfy the U-spin symmetry relations ( ^.4| ) and ( [4.7| ). 



On the other hand the A magnetic moments in the u- and s-flavor chan- 
nels are given by 

/xk"^ = (Q + l)| — , /^k^^ = 0, (6.8) 
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and in general all the baryon decuplet magnetic moments fulfill the model- 
independent relations ( 3.2CI|) in the u- and d-flavor components and the I-spin 
symmetry in the s-flavor channel where the isomultiplets have the degenerate 
strangeness number. 

Finally one should note that the other sum rules ( [4 .51) and ( [4.6|) and the 
identities in ( p.20|) hold even in the SU(3) flavor symmetry breaking case 
[ttIu = 7^ rris) since they are the relations derived in the same strangeness 
sector. 

The above model-independent sum rules in the baryon decuplet satisfied 
by the naive NRQM and the CBM support the effective NRQM conjecture as 
in the baryon octet. The effective NRQM conjecture discussed in the baryon 
octet and decuplet support the possibility of the unification of the CBM 
with the naive NRQM while the Cheshire catness suggests another clue to 
the unification of the CBM with the Skyrmion model. In the next section we 
will proceed to consider the other plausible unification of the CBM with the 
NJL model, chiral perturbation theory, CK model and chiral quark soliton 
model. 



6.2 Connection to other models 



So far the chiral soliton model such as the Skyrmion model have been con- 
structed mainly on the basis of the low-energy meson phenomenology since 
the effective meson Lagrangian underlying QCD is not known. There has 
been some progress in deriving effective meson Lagrangian either directly 
from QCD ||214|| or from the quark flavor dynamics ||215|| of the NJL model 
[ pi6|| . Especially it has been claimed that the Skyrmion model can be derived 
217 , pl8|| from the NJL model in the limit of large vector and axial- vector 
meson masses. Consequently one may claim that there can be plausibility in 
the unification of the CBM with the NJL model. 

Next in the strong chiral symmetry breaking limit the Yabu-Ando ap- 
proach to the Skyrmion model has suggested ||82| the mass formula similar 



to the one derived in the bound state scheme in CK model so that one may 
conclude that the perturbation and bound state schemes are two extreme 
limits of the Yabu-Ando approach. Similarly, in the large limit of the sym- 
metry breaking strength u of ( p.24| ), the CBM results are comparable to 
those of Refs. [pl9| , |22CI|| estimated in the bound state scheme of CK model. 

the baryon decuplet mag- 



Finally, in the chiral quark soliton model |221 
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netic moments satisfy the model independent sum rules ( [4 .41 ) and ( [4.7| ) as in 



the naive NRQM. Moreover one can easily see that the CBM shares with the 
naive NRQM and chiral quark soliton model the following sum rules 

— 4/iA++ + 6/iA+ + 3/is.+ — 6/is.o + /iQ- = (6.9) 
— 2/XA++ + 3/iA+ + 2yUs*+ — 4/xs.o + = (6.10) 

— /iA++ + 2/iA+ — 2/i2*o + /iH*o = (6.11) 

/iA++ — 2/iA+ + /iAO = (6.12) 

and 

/XAO - yUs- = AtS*+ - /^H*<i = ^(/^A+ " A^S-) = ^(/^A++ - fJ^Q-)- (6.13) 

These sum rules also suggest the possibility of unification of the CBM with 
the naive NRQM and chiral quark soliton model. 



7 Improved Dirac quantization of Skyrmion 
model 

7.1 Modified mass spectrum in SU(2) Skyrmion 

In this section, we will apply the Batalin-Fradkin-Tyutin (BFT) method 
to the Skyrmion to obtain the modified mass spectrum of the baryons by 
including the Weyl ordering correction. We will next canonically quantize the 
SU(2) Skyrme model by using the Dirac quantization method, which will be 
shown to be consistent with the BFT one after the adjustable parameters are 
introduced to define the generalized momenta without any loss of generality 



d4 



Now we start with the SU(2) Skyrmion Lagrangian of the form 



-4/Xy'') + ^tr[/„q 



(7.1) 



where = Wdfj,U and U is an SU(2) matrix satisfying the boundary condi- 
tion lim^^oo U = I so that the pion field vanishes as r goes to infinity. 

On the other hand, in the Skyrmion model, since the hedgehog ansatz has 
maximal or spherical symmetry, it is easily seen that spin plus isospin equals 
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zero, so that isospin transformations and spatial rotations are related to 
each other. Furthermore spin and isospin states can be treated by collective 
coordinates = (a°, a) (/x = 0, 1, 2, 3) corresponding to the spin and isospin 
rotations 

A(t) = a° + m-f, (7.2) 

which is the time dependent collective variable defined on the SU(2)j? group 
manifold and is related with the zero modes associated with the collective 
rotation ( p.31| ) in the SU(3) CBM. With the hedgehog ansatz described in 
section 1.4 and the collective rotation A{t) G SU(2), the chiral field can be 
given by U{x,t) = A{t)Uo{x)A^{t) = e^^--^-''^^^^^) where Rat = ItiiraAnA^) 
and the Skyrmion Lagrangian can be written as 

LsM = -Mo + 2Tiod'^a'^ (7.3) 
where Mq and Iiq are the static mass and the moment of inertia given as 



Mn 



Jin = -:— / dz z'^sin^e I 1 




3e3/7r -'0 



with the dimensionless quantity z = ef.„r. 

Introducing the canonical momenta = AXiqcl'^ conjugate to the collec- 
tive coordinates a'^ one can then obtain the canonical Hamiltonian 

H = Mo + (7.6) 

ox 10 

and the spin and isospin operators 

J' = i(aV-aV°-e,,fca^7r^'), 

P = ^(aV°-aV-e,,fca^7r^'). (7.7) 

On the other hand our system has the second class constraints^ 

= a^a^ -1^0, ^2 = a^T^^ ~ 0, (7.8) 



^Here one notes that, due to the commutator {7r^,ili} — —2a'', one can obtain the 
algebraic relation {Vli,!!} = ^^2- 
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to yield the Poisson algebra with e^^ = — e^^ = 1 

A,fe, = {fifc,fi,,} = 2e'='='aV. (7.9) 

We now recapitulate the construction of the first class SU(2) Hamiltonian. 
Following the BFT formalism ||8^, |9^, |222|| we introduce two auxiliary fields 
(0, TTg) with the Poisson brackets 

{e,ng} = l. (7.10) 

One can then obtain the first class constraints 

^1^ = ^1 + 26, ^2 = ^2- a^'a^'TTe, (7.11) 

satisfying the first class constraint Lie algebra {Qi, Qj} = 0. Demanding that 
they are strongly involutive in the extended phase space, i.e., {fli,^} = 0, 
one can construct the first class BFT physical fields JF = [a^, n^) correspond- 
ing to the original fields JF = (a'^, tt^), as a power series of the auxiliary fields 

iO,ng) 



/^TT,) ( ^ . (7.12) 



As discussed in Ref. [^, any functional fC{J^) of the first class fields JF is 
also first class, namely, /C(JF; $) = /C(jF). Using the property, we construct 
a first-class Hamiltonian in terms of the above BFT physical variables. The 
result is 

H = Mo + ^^^^^ (7.13) 

We then directly rewrite this Hamiltonian in terms of the original as well as 
auxiliary fields ||^ 

H = M. + - - a-.,)-^, (7.14) 

which is also strongly involutive with the first class constraints {Qi, H} = 
0. However, with the first class Hamiltonian ( |7.14| ), one cannot naturally 
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Table 7: The static properties of baryons in the standard and Weyl ordering 
corrected (WOC) Skyrmions compared with experimental data. The quan- 
tities used as input parameters are indicated by *. 



Quantity 


Standard 


WOC 


Experiment 


Mn 


939 MeV* 


939 MeV* 


939 MeV 


Ma 


1232 MeV* 


1232 MeV* 


1232 MeV 


U 


64.5 MeV 


63.2 MeV 


93.0 MeV 


6 


5.44 


5.48 




/^2\l/2 
\' /M,I=0 


0.92 fm 


0.94 fm 


0.81 fm 


\' /M,I=1 


oo 


oo 


0.80 fm 




0.59 fm 


0.60 fm 


0.72 fm 




oo 


oo 


0.88 fm 




1.87 


1.89 


2.79 




-1.31 


-1.32 


-1.91 


/iA++ 


3.72 


3.75 


4.7-6.7 




2.27 


2.27 


3.29 




3.18 


3.21 


4.70 



generate the first class Gauss' law constraint from the time evolution of the 
primary constraint Cli. Now, by introducing an additional term proportional 
to the first class constraints CI2 into H, we obtain an equivalent first class 
Hamiltonian 

H' = H+J-neCl,, (7.15) 
4xio 

which naturally generates the Gauss' law constraint 

{n,, H'} = -^^2, {^^2, H'} = 0. (7.16) 

Here one notes that H and H' act on physical states in the same way since 
such states are annihilated by the first class constraints. 

Using the first class constraints in this Hamiltonian ( |7.15| ), one can obtain 
the Hamiltonian of the form 

H' = Mo + -^{af'aVTr'' - aVa^n""). (7.17) 
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Following the symmetrization procedure, the first class Hamiltonian yields 



the slightly modified energy spectrum with the Weyl ordering correction ||223 



{H') = Mo+ ^ 



(7.18) 



2X10 

where / is the isospin quantum number of baryons. 

Next, using the Weyl ordering corrected energy spectrum ( [7.18| ), we easily 
obtain the hyperfine structure of the nucleon and delta hyperon masses to 
yield the static mass and the moment of inertia 

Mo = i(4M;v-MA), Jio = ^(Ma - M^)-\ (7.19) 

Substituting the experimental values Mjq = 939 MeV and A^a = 1232 MeV 
into Eq. ( 7.19| ) and using the expressions ( [7.5|) , one can predict the pion 



decay constant and the Skyrmion parameter e as follows 

U = 63.2 MeV, e = 5.48. 

With these fixed values of and e, one can then proceed to yield the pre- 
dictions for the other static properties of the baryons. The isoscalar and 
isovector mean square (magnetic) charge radii and the baryon and transition 
magnetic moments are contained in Table 0, together with the experimental 
data and the standard Skyrmion predictions ||6^, ^ |224|| ]^ It is remarkable 
that the effects of Weyl ordering correction in the baryon energy spectrum are 
propagated through the model parameters and e to modify the predictions 
of the baryon static properties. 

Moreover, one can show that, by fixing a free adjustable parameter c 
introduced to define generalized momenta, the baryon energy eigenvalues 
obtained by the standard Dirac method are consistent with the above BFT 
result. To be more specific, we can obtain the modified quantum energy 
spectrum of the baryons |^ 



[H^) = Mo + + 2) + l~c'] (7.20) 



which is consistent with the BFT result ( [7.18|) if the adjustable parameter c 



is fixed with the values c = Here one notes that these values for the 

10 



For the delta magnetic moments, we use the experimental data of Nefkens et al. ]225| 



65 



parameter c relate the Dirac bracket scheme with the BFT one to yield the 
desired quantization in the SU(2) Skyrmion model so that one can achieve 
the unification of these two different formalisms. (For details see Ref. ||94|.) 

On the other hand, we can obtain the BRST invariant Lagrangian in 
the framework of the BFV formalism |p26| , \227[ |228|| which is applicable to 



theories with the first class constraints by introducing two canonical sets of 
ghosts and anti-ghosts together with auxiliary fields. Following the procedure 
in Appendix C.l, one can arrive at the BRST invariant Lagrangian p5[ 



-Mo + 
OB 

~i-2e 



2T 



10 



29 



+ CC, 



21 



10 



1-2^)2 



^2 -2Jio(l -2^)2(5 + 2CC)2 

(7.21) 



which is invariant under the BRST transformation 



5bC 



5bC 



-A(l 
5bB-- 



- 26)0, 
0. 



(7.22) 



Here C (C) and B are the (anti-)ghosts and the corresponding auxiliary fields. 
(For details see Appendix C.l.) 



7.2 Phenomenology in SU(3) Skyrmion 

Now let us consider the hyperfine splittings for the SU(3) Skyrmion [|78 



229| , pil|| which has been studied in two main schemes as discussed in the 
previous chapters. Firstly, the SU(3) cranking method exploits rigid rota- 
tion of the Skyrmion in the collective space of SU(3) Euler angles with full 
diagonalization of the fiavor symmetry breaking (FSB) terms [|^, ^ 



Especially, Yabu and Ando P2[ proposed the exact diagonalization of the 
symmetry breaking terms by introducing higher irreducible representation 
mixing in the baryon wave function, which was later interpreted in terms 
of the multiquark structure pSl EM in the baryon wave function. 



Secondly, 

Callan and Klebanov suggested an interpretation of baryons containing 
a heavy quark as bound states of solitons of the pion chiral Lagrangian with 
mesons. In their formalism, the fiuctuations in the strangeness direction are 



treated differently from those in the isospin directions |7^, ISO . 
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In order to generalize the standard flavor symmetric (FS) SU(3) Skyrmion 
rigid rotator approach [P30| , P31|| to the SU(3) Skyrmion case with the pion 



mass and FSB terms, we will now investigate the chiral breaking pion mass 
and FSB effects on c the ratio of the strange-light to light-light interaction 
strengths and c that of the strange-strange to light-light. 

Now we start with the SU(3) Skyrmion Lagrangian of the form 

L = -^f^tTil^F) + ^tT[l^J,]' + Cwzw 

+^fttTM{U + U^ -2) + Cfsb, 

Cfsb = ^(/im^-/>^)tr((l-v^A8)(f/ + f/t-2)) 

-^{fl - /')tr((l - v^A8)(f//,P + /,Pf/t)), (7.23) 

where /^r (fK) and e are the pion (kaon) decay constants and the dimension- 
less Skyrme parameter as before. Here = U'^d^JJ with an SU(3) matrix U 
and M is proportional to the quark mass matrix given by 

M = diag {ml, ml, 2m^ - ml), 

where m^ = 138 MeV and = 495 MeV. Note that CpsB is the FSB 



correction term due to the relations 7^ m^ and f.^ 7^ fx [ P32| , p5| and the 



Wess-Zumino-Witten (WZW) term []7S[ is described by the action 



WZW 



2407r2 



M 



d^re^--^Ml,lJahl^), (7.24) 



where Nc is the number of colors and the integral is done on the five- 
dimensional manifold M = V x x I with the three-space volume V, the 
compactified time and the unit interval I needed for a local form of WZW 
term. Here note that we have used the three-space volume V instead of V 
of the CBM case. 

Using Eq. ( |C.20| ) in Appendix C.2 and following the Klebanov and West- 



erberg's quantization scheme [|230|] for the strangeness flavor direction in the 
BFT formalism, one can obtain the Hamiltonian of the form 

H = Mo + ^rom2 + -L(/^ + l) + -^(/i^--l)ata 

Z ZXio 4 8X20 
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8Xio SI^^of^K 

r2 + 2Xio(ri-r2 



where 



1 + 



4X10X20 



rrin 



1/2 



(7.25) 



mo 



4(roX^o)^/' 



and is creation operator for constituent strange quarks and we have ig- 
nored the irrelevant creation operator b'' for strange antiquarks |p30||. Then, 



introducing the angular momentum of the strange quarks Js = ^a^ra, one 
can rewrite the Hamiltonian ( |7.25| ) as 



H = Mo + Ivoml + ua)a + 



P + 2c/ ■ Js + cJl + \ 



(7.26) 



where 



00 



8X 



20 



1 - 
1 



X 



10 



Xio / 

2^20/^1: ^ 



1 + 



^10 

r2 



1 + :^I^K 
-i-io 



ifJ'K - 1), 

+ 2Xio(ri - T2) 



4X10X20 



(l^K - 1) (/iK - 1). 



Here note that the FSB effects are included in c and c, through Fi, F2, X20 
and X and F3 in /i^-. 

The Hamiltonian ( [7.26|) then yields the structure of the hyperfine split- 
tings as follows 



6M 



2X1 



10 



cJ(J+l) + (l-c) /(/ + !) 



F2 _ 1 1 
+ (l + c-2c)^^ + -(l + c-c) 



(7.27) 
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Table 8: The values of c and c in the massless pion and massive pion rigid ro- 
tator approaches to the SU(3) Skyrmions compared with experimental data. 
For the rigid rotator approaches, both the predictions in the flavor symmetric 
(FS) case and flavor symmetry breaking (FSB) one are listed. 



Source 


c 


c 


Rigid rotator, massless and FS 


0.92 


0.86 


Rigid rotator, massless and FSB 


0.82 


0.69 


Rigid rotator, massive and FS 


0.79 


0.66 


Rigid rotator, massive and FSB 


0.67 


0.56 


Experiment 


0.67 


0.27 



where J = / + is the total angular momentum of the quarks, and c and c 
are the modified quantities due to the existence of the FSB effect as shown 
above. 

Now using the experimental values of the pion and kaon decay constants 
/tt = 93 MeV and /^^ = 114 MeV, we fix the value of the Skyrmion parameter 
e to fit the experimental data of Cexp = 0.67 to yield the predictions for the 
values of c and c 

c = 0.67, c = 0.56 (7.28) 

which are contained in Table together with the experimental data and 
the SU(3) rigid rotator predictions without pion mass. For the massless 
and massive rigid rotator approaches we have used the above values for the 
decay constants f^r and fx to obtain both the predictions in the FS and FSB 
cases. As a result, we have explicitly shown that the more realistic physics 
considerations via the pion mass and the FSB terms improve both the c and 
c values, as shown in Table |8| p7|. 



7.3 Berry phase and Casimir energy in SU(3) Skyrmion 

Now we investigate the relations between the Hamiltonian ( [7. 26] ) and the 
Berry phases [ P33|| . In the Berry phase approach to the SU(3) Skyrmion, the 
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Hamiltonian takes the simple form ||39| 

H* = eK + ^{R' - 2gKR ■ Tk + glfl) (7.29) 

where is the eigenenergy in the K state, qk is the Berry charge, R (L) is 
the right (left) generators of the group 50(4) ^ SU{2) x SU{2) and Tk is 
the angular momentum of the "slow" rotation. We recall that = § = ~"f 
and = R^ on S^. Applying the BFT scheme to the Hamiltonian ( [r.29| ) 
we can obtain the Hamiltonian of the form 

H* = eK + ^a"" + 9kI- Tk + (f )^fl + \). (7.30) 

In the case with the relation c = c^, the Hamiltonian ( |7.26| ) is equivalent to 
H* in the Berry phase approach where the corresponding physical quantities 
can be read off as follows 

1 ^ ^ 

€k = Mo + -^0^1 + ua^a, Tk = Js, Qk = 2c. (7.31) 



The same case with the Hamiltonian ([r.30|) follows from the quark model and 



the bound state approach with the quartic terms in the kaon field neglected. 
In fact, the strange-strange interactions in the Hamiltonian ( [7.26| ) break these 
relations to yield the numerical values of c in Table |^. 

Next, the baryon mass spectrum in the chiral models can be described in 
powers of Nc as follows, 

H = EiN, + EoN^ + E.iN;^ + ■■■ (7.32) 

where the ellipsis stands for the contributions from the higher order terms 



of A*""^. Note that, for instance in Eq. ( 7.26 ), Ei and E^i correspond to 
Mq + |rom^ + uja)a and the terms from the rotational degrees of freedom 
associated with the moment of inertia 1/Xio, respectively. Moreover, in fitting 
the values of the pion and kaon decay constants and fK and the value of the 
Skyrmion parameter e as in the numerical evaluations of Table |^ and Table ^ 
for instance, we have missed the Casimir effect contributions, with which one 
can improve the predictions to obtain more realistic phenomenology. 

Now, in order to take into account the missing order N'^ effects, we 
consider the Casimir energy contributions to the Hamiltonian ( |7.26| ). The 
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Casimir energy originated from the meson fluctuation can be given by the 
phase shift formula ||234| , |235 



En 




aop^ 



aip) 



02 



+ -aimf 1 + In ^ - mi6{0) + 



mt 



where the ellipsis denotes the contributions from the counter terms and the 
bound states (if any). Here /i is the energy scale and S{p) is the phase shift 
with the momentum p and the coefficients di {i = 0, 1, 2) are defined by the 
asymptotic expansion of S'{p), namely, S'{p) = 3aoP^ + — p- + ■ ■ ■• Even 
though the Casimir energy correction does not contribute to the ratios c and c 
since these ratios are associated with the order 1/Nc piece of the Hamiltonian 
( |7.26D , these effects are significant in the baryon mass itself p34] , |235|| given 



in Eqs. ( p.22 ) and ( [7.26 ), and also seems to be significant in other physical 



quantities such as the H dibaryon mass |p31 



Now, we would like to briefiy comment on numerical estimation of the 
Casimir energy. Even though it is difficult to determine the magnitude of the 
Casimir energy due to the ambiguity in using the derivative expansion in the 
chiral soliton models, the magnitude is known to depend on the dynamical 
details of the Lagrangian and loop corrections and its sign is estimated to 
be negative. The preliminary calculations produce the Casimir energy with 
range —(200 — 1000) MeV p36|| and later the more reliable estimations yield 
-(500 - 600) MeV i237| . 



8 Superqualiton model 

8.1 Color- flavor- locking phase and Q-matter 

So far we have studied the phenomenology of hadron physics without intro- 
ducing matter density degrees of freedom. In this section, we consider the 
possibilities of the applications of the chiral models such as superqualiton 
model to the dense matter physics. Here note that one can have some- 



what intriguing similarity between the hadron-quark continuity [p.09|| and 



the CCP. In other words, Schafer and Wilczek proposed that the three-fiavor 
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color-flavor locking (CFL) operative at asymptotic density continues upto the 
cliiral transition density, in which case there will be hadron-quark continuity 
since there will be a one-to-one mapping between hadrons and quark/gluons. 

Now, we consider quark matter with a finite baryon number described 
by QCD with a chemical potential, which is to restrict the system to have a 
fixed baryon number, 

>C = Cqcb - MtVj, (8.1) 
where ipij'^ipi is the quark number density and equal chemical potentials are 
assumed for different flavors, for simplicity. The ground state in the CFL 
phase is nothing but the Fermi sea where all quarks are gaped by Cooper- 
pairing; the octet has a gap A while the singlet has 2 A. Equivalently, this 
system can be described in terms of bosonic degrees of freedom, which are 
small fluctuations of Cooper pairs. Following Ref . ||113|| , we introduce bosonic 
variables, deflned as 

Uiaiix) = lim ^^p^^ eabceijkipL{-VF,x)'iljl^{vF,y), (8.2) 

where 7^ (~ as) is the anomalous dimension of the diquark fleld and ipiyF.x) 
denotes a quark fleld with momentum close to a Fermi momentum ^vp | ]118| ]. 
Similarly, we deflne Ur in terms of right-handed quarks to describe the small 
fluctuations of the condensate of right-handed quarks. Since the bosonic 
flelds, Ul^r, are colored, they will interact with gluons. In fact, the colored 
massless excitations will constitute the longitudinal components of gluons 
through Higgs mechanism. Thus, the low-energy effective Lagrangian density 
for the bosonic flelds in the CFL phase can be written as 

^-Fhiid^Uld^'UL) + ulCwzw + {L^R) 



-eS 



4 



+ A 



--F^^F^'^^ + g^Gp^^ + ---, (8.3) 

where Cm is the meson mass term and the ellipsis denotes the higher order 
terms in the derivative expansion, including mixing terms between Ul and 
Ur. The gluons couple to the bosonic flelds through a minimal coupling with 
a conserved current, given as 

Z z47r^ 

+ (L^i?) + ---, (8.4) 
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where the elhpsis denotes the currents from the higher order derivative terms 
in Eq. (|8.3| ). F is a quantity analogous to the pion decay constant, calculated 
to be -F ~ /X in the CFL color superconductor | p.25| |. The Wess-Zumino- 



Witten (WZW) term [|78[ is described by the action (|7.24|) in the previous 



chapter. The coefficients of the WZW term in the effective Lagrangian, 



have been shown to be r = 1 by matching the flavor anomalies |113|, which 



is later con&med by an explicit calculation [|127|| . 

Among the small fluctuations of condensates, the colorless excitations cor- 
respond to genuine Nambu-Goldstone (NG) bosons, which can be described 



by a color singlet combination of Ul,r ||122| , |112|| , given as 



^^ULa^U^. (8.5) 

The NG bosons transform under the SU{3)l x SU (3) chiral symmetry as 

E^gLT^g]^, with gL,B^ SU{3)l,r- (8.6) 

Since the chiral symmetry is explicitly broken by current quark mass, the 
instanton effects, and the electromagnetic interaction, the NG bosons will 
get mass, which has been calculated by various groups ||125| , |122| , |119|| . Here 



we focus on the meson mass due to the current strange quark mass (m^), 
since it will be dominant for the intermediate density. Then, the meson mass 
term is simplified as 

Cm = Ctr(M^S) • tr(M*St) + O(M^), (8.7) 

where M = diag(0,0,ms) and C ~ I ^ ■ln(/i^/A^). (Note that in general 
there will be two more mass terms quadratic in M. But, they all vanish 
if we neglect the current mass of up and down quarks and also the small 



color-sextet component of the Cooper pair ||122|| .) 

Now, let us try to describe the CFL color superconductor in terms of the 
bosonic variables. We start with the effective Lagrangian described above, 
which is good at low energy, without putting in the quark fields. As in the 
Skyrmion model of baryons, we anticipate the gaped quarks come out as soli- 
tons, made of the bosonic degrees of freedom. That the Skyrme picture can 
be realized in the CFL color superconductor is already shown in [ p.l3|| , but 
there the mass of the soliton is not properly calculated. Here, by identifying 
the correct ground state of the CFL superconductor in the bosonic descrip- 
tion, we find the superqualitons have same quantum numbers as quarks with 
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mass of the order of gap, showing that they are really the gaped quarks in the 
CFL color superconductor. Furthermore, upon quantizing the zero modes of 
the soliton, we find that high spin excitations of the soliton have energy of 
order of fi, way beyond the scale where the effective bosonic description is 
applicable, which we interpret as the absence of high-spin quarks, in agree- 
ment with the fermionic description. It is interesting to note that, as we will 
see below, by calculating the soliton mass in the bosonic description, one 
finds the coupling and the chemical potential dependence of the Cooper-pair 
gap, at least numerically, which gives us a complementary way, if not better, 
of estimating the gap. 

As the baryon number (or the quark number) is conserved, though spon- 
taneously broken, Q the ground state in the bosonic description should have 
the same baryon (or quark) number as the ground state in the fermionic 
description. Under the U{1)q quark number symmetry, the bosonic fields 
transform as 



L,R 



2ie 



L.R-, 



(8.8) 



where Q is the quark number operator, given in the bosonic description as 



Q 



d X — tr 
4 



UldtUL - dtUlUL + iL^R) 



(8.9) 



neglecting the quark number coming from the WZW term, since the ground 
state has no nontrivial topology. The energy in the bosonic description is 



E 



d'^x— tr 



\dtULr + 



VUr 



+ E^ + SE, 



(8.10) 



where E^ is the energy due to meson mass and 6E is the energy coming from 
the higher derivative terms. Assuming the meson mass energy is positive and 
Em + SE > 0, which is reasonable because A/E <^ 1, we can take, dropping 
the positive terms due to the spatial derivative. 



E > / d^x— tr 



\dtULf + {L^R) 



:=Ec 



(8.11) 



^^The spontaneously broken baryon number just means that the states in the Fock 
space do not have a weU-defined baryon number. But, stiU the baryon number current is 



conserved in the operator sense |23S 
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Since for any number a 



d^x tr 



\Ul + atdtULf + {L ^ R) 



> 0, 



we get a following Schwartz inequality, 

Q'<IEr 



where we defined 



d xtr 



Note that the lower bound in Eq. ( |8.13| ) is saturated for Eq = ujQ or 



U 



L,R 



Aujt 



with 



Q 
I' 



(8.12) 



(8.13) 



(8.14) 



(8.15) 



2.32/i. 



(8.16) 



The ground state of the color superconductor, which has the lowest energy 
for a given quark number Q, is nothing but so-called Q- matter, or the interior 
of very large Q-ball ||239| , p4(]|| . Since in the fermionic description the system 
has the quark number Q = /i^/vr^/ d^x = /i^/vr^ ■ I/F"^, we find, using F ~ 
0.209/i pSj , 

By passing, we note that numerically u is very close to AttF. The ground 
state of the system in the bosonic description is a Q-matter whose energy per 
unit quark number is u. Now, let us suppose we consider creating a Q = 1 
state out of the ground state. In the fermionic description, this corresponds 
that we excite a gaped quark in the Fermi sea into a free state, which costs 
energy at least 2A. In the bosonic description, this amounts to creating a 
superqualiton out of the Q-matter, while reducing the quark number of the 
Q-matter by one. Therefore, since, reducing the quark number of the Q- 
matter by one, we gain energy u, the energy cost to create a gaped quark 
from the ground state in the bosonic description is 



S£ = Mr 



(8.17) 



where Mq is the energy of the superqualiton configuration. From the relation 
that 2A = Mq — uj, we later estimate numerically the coupling and the 
chemical potential dependence of the Cooper gap. 
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8.2 Bosonization of QCD at high density 

It is sometimes convenient to describe a system of interacting fermions in 
terms of bosonic variables, since often in that description the interaction 
of elementary excitations becomes weak and perturbative approaches are 
applicable |p41|| . Now, we attempt to bosonize cold quark matter of three 
light flavors, where the low-lying energy states are bosonic. 

Following the Skyrme picture of baryons in QCD at low density, we now 
investigate how gaped quarks in high density QCD are realized in its bosonic 
description with the Lagrangian given in Eq. (|8.3| ) ||113| , |134|| . Assuming the 



maximal symmetry in the superqualiton, we seek a static configuration for 
the field Ul which is the SU (2) hedgehog in color-flavor in SU (3) as in ( p.l9| ) 

/ iT-xe{r) n \ 

UUx) = i^\ ^ j (8.18) 

where 6{r) is the chiral angle determined by minimizing the static mass 
given below and for unit winding number we take lim^^oo (^{f) = and 
6{0) = vr. The static configuration for the other fields are described as 

Un = 0, G^ = —uj{r), = 0. (8.19) 
r 

Now we consider the zero modes of the SU (3) superqualiton as follows 

U{x, t) = A{t)ULc{x)A{t)l (8.20) 
The Lagrangian for the zero modes is then given by 

L = -M^ + ^J,,tr(^U^)tr(^t^^) _ Itr(r^U), (8.21) 

where lab is an invariant tensor on Ai = SU{3)/U{1) and Y is the hyper- 
charge 

V3 3 \^ Q Q 

Using the above static configuration, we obtain the static mass Mq and the 
tensor lab as follows 

2 



° 3 Jo 



2 \dr 
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9 — sin 9 cos 9 — tt 



lab 



27r3F2 



in 



2r 

X) 

drr^ sin^ 9 = 
drr^fl — cos i 



-2mET 



-4/i, 



-4/2 



0, 



{a 
[a 



6= 1,2,3) 

6 = 4,5,6,7) 
6 = 8) (8.22) 



where as is the strong couphng constant and itle = ^{'oas/nY^'^ is the electric 
screening mass for the gluons. 

As in Appendix C.2, since A belongs to 5'[/(3), A^A is anti-Hermitian 
and traceless to be expressed as a linear combination of i\a as follows 



A^A = iFv^K = iF 



V ■ T + Ul 



V 

-2u 



where v, V and u are given by Eq. ( |U.11| ). The Lagrangian is then expressed 

as 



1 



L = -m9 + 2F'^hv'^ + 2F^l2V^V + -N^F 



V. 



(8.23) 



In order to separate the SU(2) rotations from the deviations into strange 
directions, we write the time-dependent rotations as in Eq. ( |C.13| ). Fur- 
thermore, we exploit the time- dependent collective coordinates = (a°, a) 
(/i = 0, 1, 2, 3) as in the SU(2) Skyrmion ||6^, via A{t) = + ia ■ t, and the 
small rigid oscillations S described by Eqs. ( P.14|) and (|C.15| ). 

After some algebra, one can obtain the relations among the variables in 
( |C.11| ) and the SU(2) collective coordinates a'^ and the strange deviations D 
such as 



Fu = -{D^D - D^D) - D^{a^a- d^d + axa) -tD 

--{D^D - b^D)D^D + ■■■, 
3 

to yield the superqualiton Lagrangian to order l/N^ 



(8.24) 



-M^ + 2ha^'a^ + AhD^ D + -N^{D^b - D^D) - A^m^^D^D 
+2z(/i - 2l2){D^a°a- a°a + a x h) ■ tD 
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-D\a°a- aPa + ax a) ■ fD] - ^N^D^a^a - a^a + a x a) ■ tD 

+2l2{D^D - D^Df - -Nc{D^D - b^D)D^D 

9 

+h2ml{D^Df (8.25) 

where we have included the kaon mass terms proportional to the strange 
quark mass which is not negligible. 

The momenta tt^ and tt", conjugate to the collective coordinates and 
the strange deviation D]^ are given by 

7r° = 4/id° - 2i{h - 2/2) {D^a ■ tD - D^a ■ tD) + \N^D^a ■ tD 

TT = Uia + 2i{h-2l2){D\a^f-axf)b-b\a^f-dxf)D} 

--N^D^{aPT-aXT)D 
3 

TTs = 4/2 1) - -N^D - 2i(h - 2/2) (a°a -a^a + axa)-fD 
6 

+2 (/i - {D^D)b - (^h - (D^b + b^D)D 

-AhiD^b - b^D)D + -N^{D^D)D 

9 

satisfying the Poisson brackets [a^^Ti"} = {Dl,7r^} = {D^,nla} = ^a- 

Performing Legendre transformation, we obtain the Hamiltonian to order 
l/Nf. as follows 

+4/2m^) D^D + i - -^"j {D\a°7r - a7r° + a x tt ) • ttt, 
' \47i 8/2/ 

-7rl(a°7f - a7r° + a X 7f) • tD} + J^DUa^n - an'^ + a x n) ■ tD 
s\ ) J 24/2 
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8/2 ^ 

+ f ^ - -hml) {D^D f. 

V108/2 3 ^ ^ ' 



\D\,-Ti\D){D^D) 



(8.26) 



Applying the BFT scheme Q to the above result with the aux- 

iliary fields {6,710), one can obtain the first class Hamiltonian 



8/1 



■ ' ' 2AIr 



Ti. - irlD) 



a^a" + 29 



144/2 



+ Ahml D^D 



+M — - — ) {D\a^T[ - aiT^ + ax n) ■ rvr^ 



-TcUa^TT - a7r° + a X 7f) ■ fD] + -^^DUa^n - an^ + a x n) ■ fD 
s\ ) J 24J2 ^ ^ 



+ 



(8.27) 



where the ellipsis stands for the strange-strange interaction terms of order 
l/A^^c which can be readily read off from Eq. ( p.26| ). 

Following the Klebanov and Westerberg's quantization scheme [p3CI|| for 
the strangeness fiavor direction one can obtain the Hamiltonian of the form 



H = + UKtt^a + 



1 

2h 



P + 2cl- Js + cjJ + \ 

4 



(8.28) 



where / and Jg are the isospin and angular momentum for the strange quarks 
and 

= :!^{l^Q-l), C=l-jJ^{fXQ-l), C= 1 - y^(/iQ - 1) 



24/2 



2/2/iQ 



with 



1 + 



m 



2 \ 1/2 



3l 
24/2 



Here note that is creation operator for constituent strange quarks and 
the factor j originates from BFT corrections [M, which are applicable to 
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only u- and d-superqualitons. The Hamiltonian ( |8.28| ) then yields the mass 



spectrum of superqualiton as follows ||134 

1 



Q 



Q 



{Y - + — [cJ{J + 1) + (1 - c)J(J + 1) 



+ c-c 



(r-i/3)(r 



7/3) ^ 1^ 



(8.29) 



with the total angular momentum of the quark J = I + Jg. 

Unlike creating Skyrmions out of Dirac vacuum, in dense matter the 
energy cost to create a superqualiton should be compared with the Fermi Sea. 
By creating a superqualiton, we have to remove one quark in the Fermi sea 
since the total baryon number has to remain unchanged. Similar to Cooper 
pair mechanism |]242|| , from Eq. ( |8.17| ), the twice of u- and s-superqualiton 
masses are then given by 



2M„ 



2M, 



° 2/i 



UJ 



(8.30) 



to yield the predictions for the values of Mu{= Md) and Mg 



= 0.079 X AttF, 
Mu = 0.079 X AttF, 
M, = 0.079 X 47rF, 



Ms 



0.081 X AttF, 
0.089 X AttF, 
0.109 X 47rF, 



for mx/F 
for itlk I F 
for / F 



0.1 
0.3 
0.8, 



(8.31) 



which are comparable to the Cooper gap [|134] , |131 



To see if the estimated superqualiton mass is indeed the Cooper gap, 
one needs to compare our numerical results with the analytic expression for 
the coupling dependence of the gap. In Table || we show the dependence 
of superqualiton masses on the strong coupling constant a^. By fitting the 
numerical results with the gap as, in the unit of 47rF, 



log(M„) = a log(as) + ^ol. 



-1/2 



+ C. 



(8.32) 



We get a = 0.00085, b = -0.00233, and c = 0.1193. This is very different 
from the analytic expression obtained in the literature. 



A 



/i 



exp 



37r2 \ 



V2gsJ ■ 



(8.33) 
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Table 9: The dependence of superqualiton masses on the couphng with 
niK/F = 0.3 



as 


Mq{u)/47iF Mq 


(s)/47rF 


M„/47rF 


Ms/ 4:71 F 


0.050 


1.040 


1.061 


0.078 


0.089 


0.100 


1.040 


1.061 


0.078 


0.089 


0.150 


1.041 


1.061 


0.079 


0.089 


0.200 


1.041 


1.061 


0.079 


0.089 


0.250 


1.041 


1.061 


0.079 


0.089 


0.300 


1.041 


1.062 


0.079 


0.089 


0.350 


1.041 


1.062 


0.079 


0.089 


0.400 


1.042 


1.062 


0.079 


0.089 


0.450 


1.042 


1.062 


0.079 


0.089 


0.500 


1.042 


1.062 


0.079 


0.089 


0.550 


1.042 


1.062 


0.079 


0.089 


0.600 


1.042 


1.062 


0.079 


0.089 


0.650 


1.042 


1.062 


0.079 


0.090 


0.700 


1.042 


1.063 


0.079 


0.090 


0.750 


1.042 


1.062 


0.079 


0.090 


0.800 


1.042 


1.063 


0.079 


0.090 


0.850 


1.042 


1.063 


0.079 


0.090 


0.900 


1.042 


1.063 


0.079 


0.090 


0.950 


1.042 


1.063 


0.080 


0.090 


1.000 


1.043 


1.063 


0.080 


0.090 



As suggested in Ref. ||130|| , the weak couphng resuh, Eq. (^.33| ), is apphcable 



only when the coupling is extreme small or the chemical potential is very 
large. In our numerical analysis, we are unable to probe this region. 
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A Spin symmetries in the SU(3) group 



In order to discuss the I-, U- and V-spin symmetries associated with the 
SU(3) group, we will briefly review the root diagram approach to the con- 
struction of the Lie algebra of the SU(3) group which has eight generators. 

Since the rank of the SU(3) group is two, one can have the Cartan sub- 
algebra p43|, p44|], the set of two commuting generators Hi {i = 1,2) corre- 



sponding to A3 and Ag 

[H,, H,] = 0, (A.l) 

and the other generators Ea (a = ±1, ±2, ±3) satisfying the commutator 
relations 

[Hi, Ea] = efEa 

[Ea, Ep] = NapEa+P 

[Ea, E_a] = etH, (A.2) 

where ef is the i-th component of the root vector in a two dimensional 
root space and Nap is a normalization constant to be fixed. 

Normalizing the root vectors such that J2a ^t^'j = ^ij, one can choose the 
root vectors 



-2 —2 
e = — e 



as illustrated in Figure ^ where one has two simple roots and of the 
equal length separated by an angle ^ so that one can obtain the Dynkin 
diagram ||243| , p44|| for the su(3) Lie algebra given by 




Substituting the root vectors in Figure |^ normalized as in (^) into the 
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H2 




e-3 



Figure 5: Root diagram for SU(3) group. The simple root vectors (? and 
can produce all the other root vectors through the operations of addition 
and = — e~". 



relations ( |A.1| ) and ( [A.2| ) one can easily derive the commutator relations 



[^1, 


^l] = 


0, 


[^1, 


El] 


= ^^1' 






^2] = 






E3] 








£^1] = 


0, 


[H2, 


E2] 


= 1^2, 




[^2, 


= 




[Eu 


E^i] 






[El. 


E^2] = 




[E3, 


E-s] 


= "i^^l 


+ 




E3] = 


^76^2, 


[E2, 


E-3] 


= -^73^1 


+ 




E3] = 


76^^2, 


[E2, 


E-s] 






[^-1 


, E2]-- 


= 76^3- 











(A.4) 



Associating the root vectors Hi {i = 1, 2) and (« = ±1, ±2, ±3) with 
the physical operators Y, I3, I±, U± and V± through the definitions 

Hi ^ H2^1y 

E± = 4^/±, ^±3 = 4=f/± 



^±2 = -^V± (A.5) 



84 



Y 



A- /+ 


AO 


A+ /_ A++ 


u\ 


1 

2 


/ ^- 

1 / 

2 / 




1 ' 


' 1 T ^ 












/ 



Figure 6: Spin symmetry operations in the baryon decuplet. 



one can use the commutator relations (S~4) to yield the explicit expressions 



for the eigenvalue equations of the spin operators in the SU(3) group ||184 



U+\Y,I,h) 
V+\Y,I,h) 



((/-/3)(/ + /3 + l))^|F,/,/3+l) 

(a+(/-/3 + l))^|r + l,/ + i Ja-^) 
-(a_(/ + /3))^|F + l,/-i /3-^) 
(a+(/ + /3 + l))^|r + l,/ + ^,/3 + ^) 
+ (a4/-/3))^|F + l,/-i /3 + ^) 



(A.6) 



where the de Swart phase convention |p.84|] is used and 

(y+ + lip -q) + l)(y+ + lip + 2q) + 2)(-y+ + |(2p + q)) 

(2/+ l)(2/ + 2) 
(y_ + lip - + |(p + 2q) + - |(2p + g) - 1) 



2/(2/+ 1) 



(A.7) 
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with Y± = ± /. Here p and q are nonnegative coefficients needed to 
construct bases for the IR D{p,q) of SU(3) group. The dimension n of 
D{p, q), namely the number of the basis vectors is then given by (1 + p){l + 
g)(l + Kp + q)) [|18|] so that one can denote the IRs of interest as follows, 



1 = D(0,0), 
81 = D(1,1), 

27 = D(2,2), 

28 = D{Q,0), 
81 = L>(2,5). 



3 = 
10 
35 
64 



D(1,0), 
= D(3,0), 
= ^(4,1), 
= D(3,3), 



3 = D(0,1), 
10 = £'(0,3), 
35 = D(1,4), 
81 = D(5,2), 



(A.8) 



Using the relations for the raising spin operators ( |A.6D and the similarly 
constructed relations for the lowing spin operators f/_ and one can 



derive the isoscalar factors ||184|| of the SU(3) group for the Clebsch-Gordan 
series which have been used in the previous sections. In Figure ^ is depicted 
the spin symmetry operation diagram for the decuplet baryons. 



B Inertia parameters in the chiral bag model 

B.l Angular part of the matrix element 

In this section, we will derive the explicit expression of the quark phase inertia 
parameters in the CBM, which are to some extent abstractly described in 
the above sections, by considering one of the most complicated quantity J\f' 
whose meson phase contribution is already explicitly given in the previous 
section. (For the other inertia parameters, see the Refs. 
To obtain the explicit description of the quark phase inertia parameter Af^, 
we will ffist calculate the angular part of the matrix element hi'^^l^^Vsl'^) s 
in this section. 

Now one notes that the vector operator Vi = eijkXj'j'^'j'^ can be given in 
terms of Vi = eijkrjCTk as follows 



where the unit vectors fj (i = 1, 2, 3) can be expressed in terms of the spher- 
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ical harmonics Yi^rn{&, 4>) 

fi = 80 6*008 = (^y) (^1,-1-^1,1) 

/27r\ ^ 

r2 = 8in 9 sin (j) = i ( — j (Fi _i + 
/47r\ 2 

ri = cos^=(^yj yi,o. (B.2) 

Acting the unit vector operators on the eigenstate of the angular momen- 
tum \j,mj), one can obtain the identities 

^ I- \ ( ij-mj + l){j-mj + 2) Y\. , ^ 



4(2j + l)(2j+3) 
, 4(2j-l)(2j + l) , 



\j - l,mj - 1) 



2 



^l, 4(2j-l)(2j + l) ) + 

+ b-M.,>. (B.3, 

Now the angular parts of the s-quark eigenstates with k' — ±1 corre- 
sponding to J = / ± I are given in terms of the quantum number j and rrij 
and spin states | t) and | J,) 

|,,m,)„ = |;-i,™,.-i)|t> 
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/j-m, + l\2 1 1 



/ ?' + m,; + 1 \ ^ , 1 1 , , , , , V 



which satisfy the relations 



a-fi\j,mj)+i = -|j,mj)_i. (B.5) 



Applying the identities (p.2| ) and (|B.3|) to the s-quark eigenstate angular 
parts (|B.4|) one can evaluate the following relations 



. f j - ruj + J - nij 1 1 

-^ ( " I, + 1 m, + 1) I i) 

V 2j + 2 ; 2j '-^ 2' ^ 2^'^^ 

]_ 

which are crucial in the following calculation of the angular part of the matrix 
element involved in the inertia parameter in the quark phase 



i{K,mK\\iVi,\i,mj)+i\s) = 
2{K,mK\X4V3\j,mj)+i\s) = 4{K,mK\Xm\j,mj)^i\s) 



K + mK \ 2 K-rriK + l .K 
2K+2 ) 2K + 1 ^■+^ "^^+1 



^ . f K + mK \ 5 2K{2mK-l) k em,. 
\ 2K J (2ir-l)(2ir+ 

K-niK + iy {2K + 2) {2mK - 1) ^ ^m,. 



2K+2 J (2K + l)(2K + ?>) 



3 



2 •"■3^2 



I (fT, I A4t;3 1 j,mj)+i I s) = 3(7^', mx|A4t;3|j, mj)_i|s) = 
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2{K,mK\\,v^\3.m^)-As) = — j ,5 

(B.7) 

with \s) = (0,0, 1)"^ the s-quark eigenstate in the SU(3) flavor space. Here 
one can easily see that the angular parts of the hedgehog quark eigenstates, 
constructed with \j,mj)±i and the isospin eigenstates | = (1,0,0)^ and 
I = (0,1, Of, are given by 

l^'""^*- = -( 2A- + 2 ) l^+2''"'^-2>+'l^> 
K + rriK + l\l , ,^ 1 1, , „, 



2K J ' 2' 2' 

1 

X - mK\ 2 I 1 1, 



2ir 



-\ 2 1 1 



+ ( 2g + 2 ) + 



which fulfill the relations 

,{K',mK'\K,mK)i = ^f^j'Cf 

a-n|X,mi^)i - {-iy\K,mK)i+2. (B.9) 

Here one notes that \K,mK)i and mx)2 (1-^, ""^7^)3 and \K,mK)4) have 
the quantum number k = +1 {k, = —1) where k, = P{—1)^. 
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B.2 Quark phase inertia parameter 

In this section we will combine the angular part of the matrix element derived 
in the previous section with the radial wavefunctions of the quark eigenstates 
so that one can calculate the quark phase inertia parameter M'^. 

Now the unperturbed hedgehog and strange quark eigenstates in terms 
of the quantum numbers k and k' are described as follows 



Oh 
m 



-02^2 . . X \K,mK)2 for k = +1 



Oh 
m 




for K = —1 



(B.IO) 

where jKi^m'^) and ji{ujnr) are the spherical Bessel functions with the energy 
eigenvalues Em and ujn, respectively, and the constants Ci and C2 are the 
normalization constants satisfying c\ + = 1 and the constants rii and n2 
are normalized as 



n- 



n^'R-'Em = ErairKiEm)+rK^liEm))-2KjKiEra)jK^liEm) (B.ll) 

and the other constants n[ and ^2 also satisfy the above conditions with 
{Qn = i^nR, instead of {Em = SmR, K). 

Using the angular parts of the matrix elements ( |B.7| ) and the full quark 
eigenstate wavefunctions ( |B.1CI| ), one can now calculate the matrix element 
/j(m|A4V3|n)s as below 

h\ \ i i\ /s 2K + 2 J ^ ^ ^ ^ {2K +1){2K + 3) ^^^2; 
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+n 2K ) {^^^^^2 ^3 



^3 



-21^) ^^^^^^^ 2X + 1 IZTT 
+^^^^^^ (2ir-l)(2i^+l) ^^^ + ''^^^^H^-M 

where r/ = jx(^m)jK(^n)/|ji<'(-E^m)jK(^n)l> ^1 = R^3K{,En)ni and iVg = 
R"^ jK{En)n2 and A'^^ and similarly defined for the strange quark eigen- 

states. The radial integrations here are given as 

i2 — 



t-3 = 



jR drr^jK{€mr)jK-i{^nr) 

R^jK{Em)jK-l{^n) 

_ /(f drr^jK-i{emr)jK jj^nr) 

R'jK{Em)jKm ■ ^ ' 

Similarly one can calculate the other matrix element h{'n^\^4:\f^) s which is 
also needed for the inertia parameter J\fg 

h{m\XAn)s = n [ — CiA'iA'i— — o id -^,1 
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2K + 2 J - fi„ ^ 



where Vi = iK+i{Em) / 3K{Em) and V2 = jK+i{Em )/jK {Em)- 

Combining the above two matrix elements ( p.l2|) and (p.l4| ) one can 
obtain the exphcit expression for the quark phase inertia parameter A/'g 

]_ h{'m\M'"')ss{n\XAV3\m)h 

^ m,n 

= E (J I o .2 ^iNiN[{K+C2N,N[i, + :^±lciiViiV{(6i + .2)} 

m,n,K \ rn n ) 

+ E TE;^-^^C2N2N[{K.ciNiN^is + jC2N2N[{is + L,)} 



{Em 




1 


- V2 


(Em 




1 


+ Vi 


{Em 





+ E ' n ,2 ''iNiN!,{K+C2N2Kli + ^^^CiNiN!,{L, - L2)} 

(B.15) 

where and K_ are defined as 



V / 3 ' + 1 

and the summation over the index has been carried out. Here one notes 
that the summation indices m and n of the left hand side are understood 
as the shorthand of the sets of the quantum numbers (i^, m^,K, m) and 
{j,mj, k' ,n) associated with the hedgehog and strange quark eigenstates, 
respectively. 



C Batalin-Fradkin-Tyutin quantization scheme 

C.l BRST symmetries in Skyrmion model 

In this section we will obtain the BRST invariant Lagrangian in the frame- 
work of the BFV formalism ||226|, |227|, E23] which is applicable to theories 



92 



with the first class constraints by introducing two canonical sets of ghosts and 
anti-ghosts together with auxihary fields (C\ A), iV\ Ci), {N\ Bi), {i = 1, 2) 
which satisfy the super-Poisson algebra Q 

{C\V,} = {V\C,} = {N\B,} = 6}. (C.l) 

Here the super-Poisson bracket is defined as 

where rjA denotes the number of fermions called ghost number in A and the 
subscript r and / right and left derivatives. 

In the SU(2) Skyrmion model, the nilpotent BRST charge Q, the fermionic 
gauge fixing function \E' and the BRST invariant minimal Hamiltonian 
are given by 

Q = C% + P'Bi, ^ = Cix' + ViN\ 
Hm = H'-^C'V2 (C.3) 

which satisfy the relations {Q, Hm} = 0, = g} = q, {{^, Q}, Q} = 0. 
The effective quantum Lagrangian is then described as 

Le// = n^'d^ + neO + B^N^ + V,C + C^V^ - Ht^t (C.4) 

with Htot = Hm - {Q, ^}. Here B^N^ + CiV^ = {Q,CiN^} terms are sup- 
pressed by replacing with + A^^. 
Now we choose the unitary gauge 

X' = nu x' = ^2 (C.5) 

and perform the path integration over the fields Bi, N'^, Ci, V^, Vi and C^, 
by using the equations of motion, to yield the effective Lagrangian of the 
form 



vr^a^ + TTeO + BN + PC + CV 

82io a'^a'^ + 26 4Jio 

+2a^'a'''KeCC + fia^V + Bn2 + VV (C.6) 



12 



Here one notes that the BRST symmetry can be also constucted by using the residual 



gauge symmetry interpretation of the BRST invariance |245, 246 
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with redefinitions: N = N^,B = B2,C = C2, C = C^,V=V2,V = Pa- 
Next, using the variations with respect to tt'^, irg, V and P, one obtain 
the relations 



9 
V 



4X10 
1 



4X10 

a^(7r^ - a^'TTg)a''a'' + a^a^( —iig - 2CC + N) + -^aV 

4X10 ^ ^ 2X10 ' 4X10 

-c, v = c 



(C.7) 



to yield the effective Lagrangian 

^eff = 



21 

Mo + ^^d^a^ - 21 



a" a" 



10 



— + {B + 2CC)a"a" 



a" a 



+ BN 



4X 



10 



a" a" 



9 



+ + {B + 2CC)a"a") 



a" a'' 



(5 + iV) + CC. 



Finally, with the identification = —B + one can arrive at the 
BRST invariant Lagrangian p5l 



2X 



10 



'1-29Y 



1-29 ' 

which is invariant under the BRST transformation 

Ssaf" = Xa^'C, 6b9 = -A(l - 29)C, 
6bC = -XB, 6bC = 6bB = 0. 



9' - 2Iio{l - 29y{B + 2CCy 

(C.8) 



(C.9) 



C.2 SU(3) Skyrmion with flavor symmetry breaking 
effects 



In this section, our starting SU(3) Skyrmion Lagrangian in Eq. ( |7.23| ) is 
given by 
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+ ^-fliTM{U + -2) + Cfsb. 

Cfsb = ^(/im^-/>^)tr((l-v^A8)(f/ + [/t-2)) 
o 

-^ifK - /')tr((l - V3Xs){Ul,F + l,FU^)), (C.IO) 

where the WZW action is given by Eq. ( |7.24| ). 

Now we consider only the rigid motions of the SU(3) Skyrmion 

U{x,t) = A{t)Uo{x)A{ty . 

Assuming maximal symmetry in the Skyrmion, we can use the hedgehog 
solution Uq given in Eq. (|2.19|) embedded in the SU(2) isospin subgroup of 
SU(3) with the chiral angle 6{r) which is determined by minimizing the static 
mass Mq in Eq. ( [7!^) and, for unit winding number, satisfies the boundary 
conditions lim^^oo = and 9{0) = n. 

Since A belongs to SU{3), A^A is anti-Hermitian and traceless to be 
expressed linear combination of Aq as follows 

A'' A = ief^v^Xa = ief^ ^ ^ -2iy ) 

where 

v = {v\v^v% ^=(^,6_,,r j, -=^. (C.ll) 

After tedious algebraic manipulations, the FSB contribution to the Skyrmion 
Lagrangian is then expressed as |]97| 



^FSB = -Uk^]^ - fl^Di} - cos 61) sin^ d 

2 sin^ e 



+ - fl) sin^ d I sin^ 9 - - ( ^ ) ] cos^^ 




-Ul - fDe'ff^ ((1 - cosOfWDWr - sin^ 9\\D^r ■ rV\ 
Hfl - fDe'flcos^d (1 - cos^)0v^. (C.12) 
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In order to separate the SU(2) rotations from the deviations into strange 



directions, the time-dependent rotations can be written as |P47 



A{t) 
1 



S{t) 



(C.13) 



with A(t) G SU(2) and the small rigid oscillations S(t) around the SU(2) 
rotations. Furthermore, we exploit the time-dependent angular velocity of 
the SU(2) rotation through 



-a ■ T. 



Note that one can use the Euler angles for the parameterization of the rota- 
tion | f^49|| . On the other hand the small rigid oscillations S, which were also 
used in Ref. [ P3CI|| , can be described as 



Sit) = expiiY^d'^'Xa) = exp{W), 



a=4 



where 



V 



V2D 
V2D^ 



D 



id'' 



(C.14) 



(C.15) 



Including the FSB correction terms in Eq. ( P.12|) , the Skyrmion La- 
grangian to order 1/Nc is then given in terms of the angular velocity Ui and 
the strange deviations D 

L = -Mo + ^Xwa-a + {^l2o + Ti)D^D + ^N,{D^D-D^D) 
+^(Jio - 2J20 - ^Fi + F2) (D^a ■ fb - b^a ■ tD 



4 



4, 



N.D^a ■ r/} + 2 Jio - -J20 - T^ri + 3F2 {D^D){b^b) 



1. 



F1 + 2F2) {D^b + b^Df 



+ 2X20 + -Fi {D^b - b^Df - -Nc{D^b - b^D)D^D 



-"^^Here one notes that fluctuations (f)a from collective rotations A can be also separated 
by the other suitable parameterization |24S] U — A\/TJqA^ eyi-p{iY^^a=i 't>a^a)A\/TJaA^ . 
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-Fom^ - [Toix'mj, - m^) + Tg D^D - -{D^D 



(C.16) 



where x = fx/fn- Here the sohton energy Mq, the moment of inertia Iiq 
are given by Eqs. ( |7.4| ) and ( [7.5|) , and the other moment of inertia X20, the 
strength Fq of the chiral symmetry breaking and the inertia parameters Fj 
{i = 1, 2, 3) originated from the FSB term are respectively given by 



I'. 



20 
To 

F2 



2n 
Svr 



d^; z'^il — cos I 



dz 



IF 



e3/^ Jo 

ix' - 1) 
(x^ - 1) 



dz z (1 — cos I 



0; 



d^; z sin ^, 



2 sin^ e 



2 sin^ ^ 



cos 6' 



(C.17) 



with the dimensionless quantities z = ef-^r. 

The momenta vr^ and vr", conjugate to the collective coordinates aj and 
the strange deviation Dj^, are given by 



Jloa + i (lio - 2J20 - ^Fi + F2) (d^tD - D^r) - ]-N,D^fD 



21, 



1. 



20 



(4X20 + Ti)D - -N,D - I (^Jio 

+2 (^Jio - ^J2o - ^Fi + 3F2) {D^D)b 

- {1^0 - \t2o - ^Fi + 2F2) {D^b + b^D)D 

-(4X20 + T,){D^b - b^D)D + '-N,{D^D)D 
-2{T^-T2){D^b)D, 



-Fi + F2 d ■ fD 



(C.18) 



which satisfy the Poisson brackets {aj, vr^} = 5/, {-Dj,, vrf } = {-D^, ttJ = 5f . 
Performing Legendre transformation, we obtain the Hamiltonian to order 
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1/Nc as follows 



H 



1 



Mo + -Fom^ + -—Til 



1 



20 



+ 



iO-t.20 



+ 
+ 



+ r3 



8^20 
D^D + i 



1 



1 



2X10 



4X^0 



^10 



2X10 

1 

12X20 



3X; 



20 



1 + 



3 r, 



2X 



10 



2X10 



2^10 

q+Xio(ri-r2 
8X10X20 
1 r2-Xio(ri-r2) 



+ 



8X^ 



20 



32X20 



—i- 



+ 



-^20 



^10 



8X10 32X10X20 

2Xio(ri - 12 " 



+ 



-■^ 2 



7V^ 2 
12X^ - 3^°^^ 



2X10X20 
3 



{D^Hs-'nlD){D^D) 



2X10 (Fi - 



32 



-i-10-'-20 



(C.19) 



where X20 = X20 + 

Through the symmetrization procedure [222, 9^|, we can obtain the Hamil- 
tonian of the form 



H 



^°+2^°--' 2X10 



1 /f^ ^ If 



N, 



-20 



8X 



20 



+ 
+ 



16X^0 
1 



- + ro(x rn^ - m 
1 



2X 



10 



4X^0 



1 



Xio 



+ r3 



D^D 



TT 



tj . fD) 



4X^0 



X 



10 



(C.20) 



where the isospin operator / is given by / = vf/t and the ellipsis stands for 
the strange-strange interaction terms of order which can be readily 
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read off from Eq. ( |C.19| ). Here one notes tliat the overall energy shift 
originates from the Weyl ordering correction in the BFT Hamiltonian scheme 
as discussed before. 
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